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Abstract
Rotorcraft designs with the ability to fly as an aircraft but take off and land vertically as helicopters
were first introduced in the early 1950s. However, the development of such concept stopped af-
ter a few failed attempts. Similar configurations, in which wings are equipped with additional
propulsive propellers, has re-emerged in the past ten years for the compound helicopter and tilt-
rotor aircraft. Those designs are aimed at introducing a new way of providing propulsive thrust,
increasing the cruise speed, while retaining hovering advantages. However, the still open issue of
high level of vibration resulting from fluid-structure interaction is exacerbated in the case of those
rotorcrafts, with even more critical effects on the fatigue life, maintenance costs, on-board instru-
mental efficiency and comfort. Being able to model and predict the complex aeroelastic behaviour
associated with the wing-propeller system is extremely important for achieving an optimised de-
sign. This project is an initial attempt to apply comprehensive analysis onto such compound aero-
structures. Aiming at providing sufficient information of dynamic responses in the time-domain
for the preliminary design stages, low-fidelity aeroelastic models are reviewed and basic structural
and aerodynamic theories are introduced as basic building blocks.
With this intention, a numerical computational approach is developed for characterising aeroe-
lastic behaviour of a short-wing/propeller configuration on small rotorcrafts. The computational
tool consists of many components and the integration of them. Firstly, a two-dimensional aerody-
namic model is developed based on thin aerofoil theories, including Wagner’s, Küssner’s, Theodorsen’s
and Sears’ unsteady models. The combinations of those theories are investigated for different out-
put. The Wagner’s and Küssner’s theories are found to be the most suitable approach for obtain-
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ing time-domain dynamic responses, which is one of the main objective outcomes for this thesis.
Theodorsen’s model, formulated in the frequency domain, is better suited for instability analyses
and Sears’ model is ideal for dynamic steady-state response solutions. At the same time, propeller
inflow is simplified as several velocity components in its axial and vertical directions based on the
general characteristic of propeller slipstream. Hence, the propeller effects on the wing structure
can be taken into account by the two-dimensional aerodynamic model.
As for the mathematical representation of a short wing structure, beam theories are reviewed.
Considering flapping, torsion and lead-lag motion, governing equations based on different beam
theories are derived. In order to evaluate different structural effects and form a simple, yet realistic,
representation, modal analyses based on different theories are compared. To perform efficient
modal analyses, a numerical tool based on the transfer matrix method is introduced and validated.
Structural coupling between flapping and torsion is examined and coupled modes are introduced.
With the aid of modal analyses results, structural coupling, rotary inertia and shear deformation
are found to contribute the most towards the structural modal behaviour. Hence, coupled flapping-
torsion motion characterised by Euler-Bernoulli beam theory and separate lead-lag motion defined
as a Timoshenko beam are found to be the most appropriate.
The integration of aerodynamic and structural models allows further investigation of aeroelastic
stability boundary and time-domain dynamic responses under forced conditions. A numerical
procedure is developed, featuring coupled modes, which has been proved to be accurate enough
when validated against experimental results. Instability, both statically and dynamically, is then
studied and flight condition defined. To obtain solutions of aeroelastic response under a defined
flight condition, solution strategy and procedures for convergence analyses are specified. A case
study on the short wing under propeller inflow is presented and time-domain dynamic responses are
obtained. Collecting all modular solvers developed for the aeroelastic model, the tool was further
exploited to demonstrate its capability in analysing phenomena involving different structural, flight
and propeller conditions in preliminary design stages. It was found that, apart from the aeroelastic
instability, the wingspan and propeller operational speed needs to be designed carefully in order to
2
keep deformation at a minimal level.
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α0 Initial condition for torsional/pitching displacement
αeffAoA The effective angle of attack
αAoA The angle of attack
ω̄ Plunging-pitching frequency ratio ωh/ωα
ūf The ratio between the flow appraoching velocity and the aircraft advancing velocity
L̄in, M̄in Aerodynamic lift and moment caused by unit gust input
κy, κz The shear coefficient in y- and z- directions
λ, λ1, λ2 The damping factors for the instability study
λj, σj Coefficients for analytical beam bending mode shapes
A,A1,A2,A3,A4,A5,D Transfer matrix in numerical modal analysis
Ma,Ca,Ka The aerodyanmically induced mass, damping and stiffness matrices
Ms,Cs,Ks The dimensionless mass, damping and stiffness matrices
MNC,KNC The non-circulatory induced mass and stiffness matrices
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M,C,K The mass, damping and stiffness matrices
T,R Boundary condition matrices in transfer matrix method
L Lagrangian function
µ Mass parameter µ = m/πρb2
Ω The scaled frequency ω/U∞
ω Harmonic frequency
ωh, ωv, ωα Natural frequencies in plunging, lead-lag and pitching
ωp, kp Propeller blade passing frequency and its dimensionless form kp = ωpb/U∞
ωmax The maximum frequency considered in continuous turbulence model
φ(τ) The Wagner’s function
Φg Power spectral density for aeroelastic response
φp Phase change regarding the Sear’s theory
Φr Power spectral density for aeroelastic response
ψ(τ) The Küssner’s function
ρ Density of surrounding fluid
ρw Density of wing material, taken as 2720 kg/m3 for aluminum
σg The root-mean-square gust velocity intensity
σr The root-mean-square of wing displacement
τ Dimensionless time, U∞t/b
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τ0 Dummy time variable for convolution integral
A(ik) Aerodynamic matrix for frequency domain stability study
F The loading vector
Faero The aerodynamic loading vector
Fin The unit gust input for continous turbulence
u The solution vector
z(x) State space vector for transfer matrix method derivation
θ Pre-twist angle along the wing-span
Θ(x),Θh(x),Θv(x), Z(x) Mode shape functions
θj(x), ηj(x), ζj(x), φ
z
j(x) The mode shape functions
ϕy, ϕz The cross-sectional rotation angle in y- and z- directions
A Stiffness parameter A = khb2/mU2∞ in Chapter 2 and cross-sectional area in Chapter 3, 4
and 5
a Dimensionless position measuring elastic axis from mid-chord, positive when mid-chord is
in front of elastic axis
A1, A1, b1, b2 Coefficients for the Wagner’s function
A3, A4, b3, b4 Coefficients for the Küssner’s function
Ap The disk area of propeller
C(k) The Theodorsen’s function
c, b The chord length and the half chord length, c = 2b
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CL Lift gradient between lift coefficient and the angle of attack, taken as 2π
CM Moment coefficient
Dp Propeller diameter
E,G The Young’s and shear modules
fj(τ), pj(τ), zj(τ), qj(τ) The time-dependent functions for dynamic response solutions
Ftip, Fthrust,Mtip The propeller weight, thrust and induced moment
FRF (ω) Frequency response function for the aeroelastic system
h, ξ Plunging/bending/flapping displacement and its dimensionless expression, h/b
h0, ξ0 Intitial condition for bending/plunging displacement
H
(2)
n (k) Hankel functions of the second kind
Iα Mass moment of inertia per unit span regarding the shear centre
Iω The warping constant
Iy, Iz The second moment of area in the y- and z- directions
IGC Mass moment of inertia per unit span regarding the gravitational centre
J The torsion constant
j Imaginary unit for complex number in frequency-domain theories
Jn(k), Yn(k) Bessel functions of the first and second kind
k, k1, k2 The reduced frequency
kh, kα Discrete spring stiffness coefficient in plunging and pitching
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kT Thrust coefficient
KE,PE The kinetic and potential energy
L Wing semi-span length in Chapter 3, 4, and 5
l The beam length, wing semi-span length
L,Mac Aerodynamic lift and moment at the aerodynamic centre in Chapter 2
LC , lC Unsteady circulatory lift and its dimensionless form
Lg, lg Lift generated by gust per unit span and its dimensionless expression
LS,MS Unsteady lift and moment derived from the Sears’ theory
Lt The characteristic wavelength of turbulence
Lcos Length of 1-cosine gust
Lh, lh Total in-plane lift per unit span and its dimensionless form
LNC , lNC Unsteady noncirculatory lift and its dimensionless form
Lv, lv Total out-of-plane force per unit span and its dimensionless form
m Mass per unit span
M(x), S(x) Moment and shear force state in beam
m,n, j Integer mode number in Chapter 3
MC ,mC Unsteady circulatory moment and its dimensionless form
Mg,mg Pitching moment generated by gust per unit span and its dimensionless expression
Mα,mα Total pitching moment per unit span at shear centre and its dimensionless form
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MNC ,mNC Unsteady noncirculatory moment and its dimensionless form
np Propeller speed
Nq, Np The number of modes taken into consideration
p, p0, pc, pstatic Pressure in deriving propeller thrust
Qi The generalised loads
qi The generalised displacement coordinate




′(kp) The Sears’ function and the modified Sears’ function
s, p, p1, p2 General frequency-domain solution
Sα, χα Static unbalance about elastic axis and its dimensionless form, Sα/mb, positive when mass
centre is in the front of elastic axis
t Time in seconds
U∞ Aircraft advancing speed
Ua Flow approaching speed
UD The divergence velocity
V Dimensionless advancing velocity, V = U∞/bωα
v, ν Lead-lag displacement and its dimensionless expression, h/b
v0, ν0 Intitial condition for lead-lag displacement
v0, ve Entry and exit velocity of air in propeller thrust formulation
22
W Virtual work of the system
w0 Uniform step-gust for the pretwist effect
wG Gust function, sharped-edged gust in this case
wi Sinusoidal velocity variation function due to propeller inflow
wai Sinusoidal velocity variation amplitude
wp Velocity profile caused by propeller in the span-wise direction
w3/4 Downwash velocity at the 3/4 chord length
wadd Additional velocity component due to aerofoil dynamics
wcos 1-cosine gust
wmaxcos 1-cosine gust peak velocity
win Unit input gust amplitude 1m/s
X(τ), Y (τ) Recursive term for convolution integral simplification
xref Location of the reference point from the leading edge
xcos Aircraft location in 1-cosine gust
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Chapter 1
Introduction and Literature Review
Compound helicopters, being able to fly as an aircraft but take off and land vertically, were first
introduced in the early 1950s. However, the concept received limited attention after several failure
cases [1]. In the past ten years, the concept of a compound helicopter has re-emerged in rotorcraft
design. Having the capability to take-off and land vertically using a main rotor like a helicopter,
compound helicopters are also equipped with auxiliary systems for improved performance in fast
forward flight. An implementation of such configuration has been demonstrated by the Eurocopter
(now Airbus Helicopters) X3, as shown in Figure 1.1a. Besides the conventional helicopter fuse-
lage, two short wings are added with tip-mounted propellers. Inheriting most characteristics from
conventional helicopters, its propeller-wing configuration allows achieving much higher cruising
speeds, going beyond the typical limitations of conventional helicopters.
One of the main limitations of conventional helicopters is the cruise speed. Indeed, their lifting
and propulsive capability decrease with the forward speed due to the reduced performance of the
main rotor, a single source of thrust and lift, in high-speed flight conditions. This is due to the
asymmetry of lift on two sides of the helicopter. On the side where rotor blades are travelling in
the same direction as the aircraft (advancing blades), as the aircraft speed gets higher, the blade
travelling speed may approach the speed of sound causing a significant increase of drag, with a
reduction of the rotor performance. On the retreating side, where the blades are travelling opposite
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(a) Eurocopter (Airbus helicopter) X3 (b) Leonardo AW609
Figure 1.1: The short-wing/propeller configuration demonstrations
to the cruising direction, the blades experience stall conditions where lift decreases significantly.
This is limiting the helicopter cruise speed.
With similar initiatives, the concept of tilt-rotors was brought in the late 1940s to overcome the
helicopter’s limitation in forward flight. A tilt-rotor aircraft is equipped also with a short wing and
tip-mounted propellers, but, without the main rotor. The aircraft would rotate its propellers to alter
between a helicopter-like and an aeroplane-like configuration. During taking off and landing, the
propellers would act like helicopter rotors, providing lift together with the wing and maintaining
the vertical take-off and landing ability of a helicopter. During its cruising condition, the tip-
mounted propellers tilt by 90 degrees proving propulsive thrust in forward flights. The most recent
model is the AW609 developed by Leonardo (formerly AgustaWestland) as shown in Figure 1.1b.
The designs of those rotorcrafts are aimed at introducing a new way of providing propulsive
thrust, increasing the cruise speed while retaining the hover advantage. With this configuration,
they can travel much faster than conventional helicopters, exceeding 250 mph for X3 and 300 mph
for AW609 against the 150 mph, as typical speed for a conventional configuration. Furthermore,
the ability of vertical take-off and landing eliminates the need for runway improvements and ex-
pansion. For these reasons, they are well suited for public services such as air ambulance, search
and rescue, coast guard and passenger transport.
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However, the still open issue of the high level of vibration resulting from fluid-structure interac-
tion is exacerbated in the case of those rotorcrafts, with even more critical effects on the fatigue life
of structures, maintenance costs, on-board instrumental efficiency and comfort. Therefore, being
able to model and predict the complex aeroelastic behaviour associated with the wing-propeller
system becomes extremely important to achieve an optimised design of such aircraft configura-
tions. This project is inspired by the propeller-wing configuration of the compound helicopter
Eurocopter X3. The study of such configuration, however, is not limited to the compound heli-
copter. Short aircraft wing with tip-mounted propulsive propellers is also exhibited on tilt-rotor
aircraft. Having a similar propeller feature with regional aircraft, similar analysis approaches can
be adapted to the short-wing and propeller configuration on small rotorcrafts. This project is an
attempt of applying comprehensive analysis onto such compound aero-structures.
1.1 Literature review on simulation and analysis approaches
for wing aeroelasticity
The subject of aeroelasticity emerges with the invention of aircraft. As the flight speed increases,
the mutual interaction of structural elastic and inertia forces, and aerodynamics needs to be inves-
tigated, and a stiffness criteria must be specified in the design stage to prevent any catastrophic
aeroelastic phenomena. Concerning the modelling and experimental efforts in the topic of aeroe-
lasticity, several review papers were published in the past decades summarising some common
aeroelasticity applications [2, 3], specifically in the area of fixed-wing aeroelasticity [4, 5], rotary-
wing applications [6], instability phenomenon of flutter [7] and nonlinearity [8, 9]. As aeroelastic-
ity studies the interaction of structures with the surrounding flow, to analyse aeroelastic behaviour
of a wing experiencing aerodynamic effects, there are two essential parts in the problem. Both
parts need to include consideration of their interaction. The first part is characterising and math-
ematically modelling a solid structure for the wing, and the other part is to estimate and predict
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external loadings introduced by aerodynamics of the surrounding flow. The choice of principles
and theories for the structural and aerodynamic models would naturally depend on the structural
configuration and operating environment associated with the flight condition. Besides, computa-
tional cost, accuracy requirement, project stages and development costs are equally important [9].
For the structural part, a short wing can be modelled in many ways, as listed in Figure 1.2.
Ranging from the most simplified to the most sophisticated, they are applicable and suited for
Figure 1.2: Structural models for characterising a wing, with green shading indicating applicable
theories for the proposed problem
different situations. The aerofoil model, also known as the typical sectional model, takes the
wing as its aerofoil cross-section, with discrete springs. This is often applied for wind tunnel
wing models in which both sides are mounted on the walls. To represent a section of a finite
wing, the discrete springs play the role of the elastic resistance in the degrees of freedom studied.
However, the aerofoil is not representative for the elastic behaviour of the whole wingspan. In
this case, a beam-like model is introduced. Having the wing root built-in and the wing tip free,
classical beam theories with clamped-free boundary condition are another common mathematical
representation. With simple loadings, a beam-like model can be used and solved analytically with
static and dynamic loadings. Furthermore, as the loading condition becomes more complicated,
a numerical model would be more suitable, hence, finite element (FE) models are incorporated
based on beam theories. Depending on the structural complexity, different FE models can be
applied, such as shell element models or with 3D solid elements, which contain more nodes and
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require more computational efforts. For the configuration of this project, a short, unswept and
uniform wing is considered. Due to the simple nature of such wings, an aerofoil model or beam-
like model, as highlighted in Figure 1.2, would be the most suitable and efficient, also providing
an easy coupling process for aerodynamic loadings. The models’ application and mathematical
backgrounds will be introduced in later chapters.
Considering the aerodynamics, there are many established theories relating to the flow con-
dition and effects that one is interested in studying. As illustrated in Figure 1.3, from Laplace’s
equations, which assumes steadiness, linearity, incompressibility, inviscidity, irrotationality, to the
Navier-Stokes equations which are far more versatile and proven to be accurate to real-world ob-
servations. For the task in this project, a short-wing.propeller configuration on small rotorcrafts,
Figure 1.3: Aerodynamic theories and models suited for different flowfield conditions, with green
shading indicating applicable theories for the proposed problem
like compound helicopters and tilt-rotor aircraft, is to be modelled and analysed. The short wing
is designed for propeller attachment and maintains compatibility of existing vertical take off and
landing (VTOL) facilities, hence, is relatively stiffer than most fixed-wings and can be considered
to have only small perturbations. It operates in a subsonic regime with velocity not exceeding
Mach number of 0.3, hence, an incompressible condition can be assumed. Besides, the assump-
tions for inviscid and irrotational flow are also valid and sufficient for the flight condition. A linear
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potential flow condition is appropriate and assumed for this study.
Within the scope of this condition, Figure 1.4 shows different aerodynamic theories that can be
used to model aerofoils or finite wings in incompressible inviscid flow. Various numerical solution
schemes for those aerodynamic theories were developed in the past literature targeted at the flight
conditions of interests. Here, however, only the original theory concept is introduced, with some
references to works of other authors on the different topics.
Figure 1.4: Aerodynamic Models for Incompressible Inviscid Flow, with green shading indicating
applicable theories for the proposed problem
1.1.1 Aerodynamic theories for aeroelastic analyses
Thin aerofoil theories
The simplest approximation to study wing aerodynamic behaviour can be obtained referring to a
thin two-dimensional aerofoil operating in inviscid, incompressible flows. In the classical develop-
ment of linear potential flow theories, the velocity is written as v = ∇φ, and the Laplace equation
∇2φ = 0 is solved to obtain the potential field around the body, imposing impermeability condition
on its solid surface. The aerofoil, with a small angle of attack and camber, is modelled as a vortex
sheet distributed along its camber line as shown in Figure 1.5. The strength of each vortex filament
is a function defined in chord-wise direction and obtained imposing the flow tangency condition at
the camber line, which represents the considered zero-thickness aerofoil.
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Figure 1.5: Thin aerofoil theory with vortex distribution along camber line [10]
Thin aerofoil theory gives a very well-established model with detailed features and formula-
tions found in [10–13]. A sectional (2D) model can be also used to model quasi-steady and un-
steady flow condition using Theodorsen’s and Wagner’s theory. In those models, lift and pitching
moments are characterised by time-differentials of displacements, which can be directly coupled
and integrated with a multi-degree of freedom aerofoil structural model.
Strip theory
Since thin aerofoil theory is only applicable in a two-dimensional space, strip theory can be applied
to integrate the sectional model along the span, making the coupling with a beam-like structural
model easy and straightforward. Since each aerofoil section is considered separately, an important
assumption for the application of strip theory is that each chord-wise section is independent of
other chord-wise sections for aerodynamic loads. However, this means that from the wing root
to wing tip, the flow conditions are similar throughout. This neglects any tip effect that a finite
wing would have. To incorporate a three-dimensional effect, aerodynamicists extended the theory
involving a different setup in the form of a horseshoe vortex [10]. Those horseshoe vortex based
theories are introduced in the following sections.
Even though there are many aerodynamics approaches taking into account various complex
effects with versatile applications and close-to-reality results, thin aerofoil theory still has its place
in aerodynamics simulation as it forms a preliminary understanding of lift generation. Strip theory
is able to give an insight into more complex three-dimensional models.
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Lifting-line theory
In the lifting-line model, a finite wing is replaced by a bound vortex and two free vortices of the
same strength trailing downstream. According to the unique shape of the vortex, it is also called
a horseshoe vortex. The superposition of several horseshoe vortices along the span is used to
model the lift distribution on a finite wing. The circulation along the wing span can be solved
when knowing the wing geometry and by imposing a flow tangency condition. Similarly, during
design processes, if the desired lift distribution is known, the wing geometry can be determined.
For detailed formulations of lifting-line theory, see [10–12, 14]. Many works can be found in
the literature where lifting-line theory is used in modelling aerodynamic wing behaviour. For
example, Loth and Loth studied the effect of tip-mounted propellers induced drag reduction using
the elliptical loading distribution over the wing [15]. Similarly, Miranda and Brennan used the
same elliptical loaded lifting-line theory to investigate this effect by developing also a numerical
approach for the calculation of the optimum span-load distribution [16]. Concerning the limitations
of the model, the lifting-line theory does not give reliable results for wings of low aspect ratios,
nor it has the capability of modelling unsteady flow.
Lifting-surface theory
As the wing gets a larger chord length, the uniformity along the aerofoil chord is no longer valid
in the lifting-line theory, therefore, the lifting-surface theory is introduced. In the lifting-surface
theory, the wing is also represented by its camber mean surface in the chord-wise direction by
ignoring the thickness effect. Instead of replacing the wing with vortex filaments only along its
span, horseshoe vortices are also distributed along the chord of the wing forming a grid. The vortex
strength becomes, in this model, a function of chord-wise and span-wise coordinates. This also
means that a shell element FE model would be required to incorporate this chord-wise variation.
For further reading of the detailed formulation, the reader can refer to fundamental aerodynamics
books, e.g. books by Anderson [11] and Flandro et al. [10].
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The lifting-surface theory is very well established for fixed-wings aerodynamic modelling. It
can also be applied to rotary blades, especially for studying unsteady behaviour [17–19]. Williams
and Hwang extended the theory for compressible flow in the prediction of unsteady and steady
aeroelastic behaviour for advanced turboprops [19]. Also, it is worth mentioning the work of
Cho et al., who presented the same numerical scheme in the frequency domain for modelling lift
distribution under multiple harmonics [17, 18].
Related with the lifting-surface theory, the vortex lattice method is based on a representation
of the wing as a superposition of a grid of horseshoe vortices. The wing is divided into panels and
each panel corresponds to a horseshoe vortex. The vortex lattice method is widely used nowadays
for modelling wings and propeller blades because of its simplicity and reliability. In terms of
analysing the flutter effect on fixed-wing aircraft, the vortex lattice method is commonly used in
conjunction with the finite element method [20–23]. An important study of the propeller-wing
aerodynamic interaction by using the vortex lattice method representing the wing can be found
in [24]. Dimchev used the same method to model a low aspect ratio wing for unmanned aerial
vehicle designs [25]. As for its use on propeller blades, the vortex lattice method gives information
about the propeller slipstream. Cho and Cho conducted a steady vortex lattice method in modelling
propeller blades to investigate its effect on aircraft cruising [17]. As the vortex lattice method can
be applied on both propeller blades and wings, a combination was made by Witkowski et al. and
Lee, modelling both propeller and wing using the vortex lattice method [26, 27].
Panel method
When the wing section is no longer thin enough to neglect the thickness effect, the variation of flow
characteristics along the chord direction needs to be considered. This can be done using the panel
methods. The general idea behind all such panel methods is to cover the three-dimensional body
with panels over which there is a distribution of singularities (such as point sources, doublets,
or vortices). These singularities are solved through a system of simultaneous linear algebraic
equations generated by calculating the induced velocity at control points on the panels and applying
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the flow-tangency condition. When coupled with finite element analysis, the panel grid will need
to be transformed to a corresponding mesh in order to solve the aeroelastic equations.
As for all the possible models and theories listed above, there are many available combinations
for aeroelastic modelling. At different levels of computational complexity for these aeroelastic
models, they serve different purposes along the lifespan of a project. Low to medium fidelity mod-
elling tools featuring simplified structural and aerodynamic models, such as a sectional aerofoil or
beam-like model, are often used in a preliminary design stage. In this way, an insight is given into
a complex problem within a short period of time and information is collected to support high-level
decisions [9].
Due to the lack of experimental results in the early predesign stage, the developed design tools
can be validated against open literature results. There are a few established validation wings,
such as results reported by Tang and Dowell in [28], Goland wing [29], Blisplinghoff, Ashley
and Halfman (BAH) wing [14, 30, 31], AGARD 445.6 wing [32], BACT wing [33] and MAVRIC
wing [34]. Amongst those listed, the Goland wing, unswept and uniform, is ideal for the validation
tasks in this project.
As the project progresses and more detailed physical effects need to be taken into consideration,
high fidelity modelling can be invested to identify test conditions, to optimise based on test data and
to eliminate uncertainties. For the scope of this project, the configuration is a generic one, hence,
the simulation analysis is aimed at efficiency in the pre-design stage. Low-fidelity aeroelastic
simulation approaches hence are reviewed in this chapter.
1.1.2 Application of low-fidelity models in aeroelasticity studies
Aerofoil model
For wings to generate lift, they are often shaped as aerofoil for cross-sections along the length.
The simplest approach would be to analyse a wing as an aerofoil section attached to springs in the
motion directions. The wing structure is hence treated as a spring-mass system with multi-degrees
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of freedom. This representation is often used when a rigid and span-wise uniform wing is mounted
in a wind tunnel with elastic supports, or this can also correspond to a typical aerofoil section
along a finite wing span with discrete springs reflecting motion resistance given structurally. This
idealised and simplified configuration gives an insight into the scientific background of aeroelastic
stability and dynamic response. An aerofoil model is often used for studying a certain numerical
formulation or solution algorithms and the mathematical background of any structural or aero-
dynamic effects. Accordingly, analytical aerodynamic theories characterising airloads based on
aerofoil angle of attack and other dynamic effects are available and compatible with the mass-
spring aerofoil model. They are developed from linear potential theories and fitted to the subsonic
flight environment of compound helicopters, tilt-rotor aircraft and other small rotorcraft with a
short-wing/propeller configuration. On the topic of unsteady aerodynamic theories, comparisons
and discussion of differences in methodologies and solutions are discussed in [35,36]. Commonly
featured are Wagner’s indicial response function, Küssner’s gust response theory, Theodorsen’s
unsteady aerodynamic theory and Sears’ sinusoidal gust response theory [37–41].
For example, Sears and Sparks used an aerofoil model with flexible plunging degree of freedom
to study the non-stationary (unsteady) effect on structural deflection under sharp-edged and graded
gusts [42] and, with linearity assumption, Wagner’s and Küssner’s functions were applied on 1 DoF
mass-spring aerofoil system. Focusing on the validity of Jones’ approximation for Theodorsen’s
theory, dynamic aeroelastic instability was studied by Kargarnovin and Mamandi [43]. Similar
unsteady effect involving structural hardening nonlinearity were studied on a plunging-pitching
aerofoil with Theodorsen’s theory and verified by experimental data by Fichera et al. [44]. An
aerofoil model was also used for investigation of nonlinear aerodynamic effects associated with
static angles of attack by Strganac and Mook [45] featuring the unsteady vortex lattice method,
which takes into account effects of wingtip vortex for a finite wing and implemented onto an aero-
foil model by modifying the lift and pitch coefficients. On the topic of structural nonlinearity,
O’Neil et al. studied the effect of nonlinear structure stiffness together within a linear flowfield
using an aerofoil model [46]. The linear flow field featured was characterised by Wagner’s indi-
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cial response formulation. Marzocca et al.validated CFD code derived on the base of linear and
nonlinear indicial response functions against an unsteady Euler equation based tool on an aero-
foil model [47]. Due to the simplicity of the aerofoil model, the derivation of analytical solutions
becomes possible. Marzocca et al. developed a linear aeroelastic model by integrating an aero-
foil model with analytical theories for unsteady aerodynamics in the Laplace domain and studied
aeroelastic responses of highly flexible wings under explosive types of loadings [48]. In the time
domain, Shams et al. derived a pure analytical aeroelastic model for flutter analysis and dynamic
responses featuring an aerofoil in plunging and pitching motion [49]. With a semi-analytical ap-
proach, Berci et al. applied a sectional aerofoil model to represent a quasi-slender Rayleigh beam.
The effect of parabolic camber on the stability boundary was investigated analytically and aero-
foil’s dynamic gust response was presented [50]. The combination of aerofoil sectional model
and 2D aerodynamic theories was proven sufficiently accurate in state space representing spring
supported aerofoil in wing tunnel by Kurniawan and a difference of only 6.3% was observed com-
paring to experimental data [51].
Beam-like model
When it comes to representing a finite wing structure, however, in order to make practical and more
realistic analyses, taking into account flexibility of the lifting surface is also crucial [52]. A wing
can also be considered as a cantilever beam, with one end (wing root) clamped into the fuselage
and the other end (wing tip) being free. 3D Finite element method (FEM) can also be an option,
which is especially good for representing the wing’s properties in detail. However, it drastically
increases the number of degrees of freedom in consideration. For an efficient multidisciplinary
optimisation tool, a beam-like model is much more suitable. In the research of aeroelasticity, the
elastic axis of the beam is often featured and assumed to be straight along the span, denoting as
the coordinate axis and reference point. This is simply because, at the elastic axis, torsional and
bending displacements are statically uncoupled for isotropic beams. In other words, the application
of a transverse force at any point along the elastic axis will result in a pure bending motion and a
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moment about the elastic axis will result in a pure torsion. However, employing a beam-like model
requires the cross-section being relatively uniform along the span. Also, a beam being continuous
has an infinite number of degrees of freedom. Modal analysis of the beam structure is necessary for
any aeroelastic behaviour to be investigated. Analytical aerodynamic theories derived on aerofoil
can be implemented across the span by ignoring three-dimensional tip effects. Especially with
tip-mounted propellers, propeller wake inflow can be taken into account as additional velocity
components while also wing-tip vortices are less dominating. When a cantilever wing is divided
into infinitely small aerofoil segments, the aerodynamic loads at a given spanwise location do not
depend on those at any other location. This theory is commonly known as the strip theory.
The integration of structural and aerodynamic models to form a coupled aeroelastic system is
the rationale of many studies. Depending on the aircraft and flight conditions, the structural and
aerodynamic models can be matched with reasonable assumptions. One very common application
is on the topic of flexible wings. Slender wings tend to be very flexible and the prediction their dy-
namic behaviour is of extreme importance in the preliminary design phase in prediction deforma-
tions and any possible instabilities. Flexibility, however, may bring in nonlinearity in the structure
and aerodynamic formulations, hence research on nonlinear phenomena, such as Limit Cycle Os-
cillation (LCO) and dynamic stall in High Altitude Long Endurance (HALE) applications. Those
studies are commonly carried out by a clamped-free beam model and unsteady aerodynamic theo-
ries featuring established theories and models discussed above. Application of nonlinear structural
modelling methods to aeroelastic problems was discussed by Howcroft et al. [53, 54]. Including
structural nonlinearity, Stodieck et al. developed a model reduction method that simplifies a 3D
FE model into a Timoshenko beam-like model for rapid aeroelastic optimisation processes [55].
A linear flow field, however, is sometimes assumed for studying pre-flutter responses when small
perturbations are exhibited. Employing a nonlinear structural model with a linear aerodynamic
model, Frulla et al. investigated the effect of main design parameters on the onset of critical flutter
velocity for flexible wings under small perturbation conditions. Experiments were also performed
in pre-flutter nonlinear static equilibrium conditions, where good agreement was observed regard-
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ing the numerical results [56]. A similar framework was also used by Shams et al.. They focused
on the numerical time-marching scheme application and investigated the effects of coupling (using
coupled mode shapes) between bending and torsional motion on nonlinear flutter prediction. The
approach of obtaining coupled mode shapes, however, was not reported in the paper. By com-
parison with previous studies, Shams et al. also proved that linear aerodynamic approximation is
reasonably accurate in predicting flutter boundaries [57]. As well as the work by Ghadiri and Razi,
beam-like model containing stiffness cubic nonlinearity, typical of composite material wings, was
used to study nonlinear aeroelastic behaviours combining a linear analytical theory by Wagner’s
indicial response model [58]. Extending from [50], Berci and Cavallaro implemented a linear
beam-like model featuring Rayleigh beam theory with a modified linear strip theory corrected by
doublet lattice method considering three-dimensional effects [59].
Within the same framework, aeroelastic behaviour of flexible rotor blades was also studied
based on a coupled nonlinear beam-like model with quasi-steady or unsteady aerodynamic model
[60–62]. Modifications on the linear beam model to include warping effect, shear deformation, ro-
tary inertia and anisotropic materials for composite wings is also a common feature in the attempt
of studying aeroelastic behaviour of thin-walled and composite wings [63, 64]. Further develop-
ment on the linear aerodynamic model to include effects, such as dynamic stall, large angle of
attack and compressible flow, together with structural nonlinearity, can also be found in [65–67].
Other studies were also carried out featuring attached mass on the wing [68–70]. The flut-
ter of cantilever wing with tip mass and a transverse follower force was studied based on linear
Euler-Bernoulli beam theory and Theodorsen’s theory by Feldt and Herrmann [69]. Implement-
ing a similar quasi-steady state, aerodynamic model, Gern and Librescu investigated the effect of
attached mass on instability boundary with composite sweep wings [70]. Having a mounted store
with plunge-pitch flexibility, the store position and dynamics would affect its stability boundary
and dynamic behaviour under gust and thrust. With the added flexibility of the mounted store, the
structural model can be modified. Featuring Theodorsen’s theory, Fazelzadeh et al. [71] modelled a
cantilever wing subjected to a tip mass and a follower force. The structural model is combined with
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Wagner’s indicial response model to predict the dynamic response of a wing-store system [72]. In
most cases, those wings are considered slender and a Euler-Bernoulli beam theory was used. How-
ever, nonlinear aeroelastic phenomena are not eliminated, especially accounting for the deflection
introduced by the attached mass. The aeroelastic model has been further developed to incorporate
nonlinearity in aerodynamics [73–75].
There is limited research specifically focusing on a short wing configuration. In special cases
of low-aspect-ratio wings such as a Delta wing, the chord-wise coordinate is as crucial as the span-
wise coordinate and plate theories are commonly used [76,77]. Consequently, a more complex 3D
aerodynamic model needs to be applied to incorporate the structural mesh. For the configuration
of interest in this project, due to the aspect ratio for a short wing being comparatively low, the
aerofoil cross-section along the span is uniform. Plate theories consider elasticity across the length
and width of the structure. However, in wing designs, ribs are inserted to maintain rigidity in the
chord direction. The structural behaviour in the chord direction is much less significant compared
to that of the span-wise direction. Hence plate theories are not considered. Expanding further, a 3D
finite element model also has the capability of analysing a short wing structure. It offers generality,
versatility and reliability. However, in the preliminary design stage, not only is it computationally
expensive and requires extra time and effort to ensure the correct physics being reproduced, but
also it contains a large amount of data for pre- and post-processing. It is therefore much more
suited for design refinements in later stages, where also the computational effort required can be
afforded. Thus high-fidelity approaches such as 3D finite element model, computational structural
or fluid dynamics (CSD-CFD) are not considered here.
However, a short and relatively stiff wing having small deflection fits within the linearity as-
sumption given in the structural and aerodynamic theories. At the same time, propellers on the
advanced rotorcraft can be integrated through a cradle on the wings, hence, making it a rigid at-
tachment to the cantilever structure. The closest work of such application would be the research
of Gennaretti et al. [78]. The attention was focused on the aerodynamic modelling of propeller
wake flow and the prediction of the vibratory loads on a short tilt-rotor wing by capturing the
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three-dimensional unsteady flow and the shape of wakes. The structural model based on Euler-
Bernoulli beam theory is simple and takes into account flapping and torsional motions. There
is clearly a gap for simple and numerically efficient analytical aeroelastic formulations on short-
wing/propeller configuration in advanced rotorcrafts. The formulation would be based on aerofoil
or beam-like model combined with sectional linear aerodynamic theories serving as a preliminary
method to give an insight into the causes of aeroelastic instability and the prediction of time-domain
responses.
1.2 Aim and objectives of thesis
As the aeroelastic properties directly affect the structure deformation and stress behaviours, the
aeroelastic study of propeller-wing configuration is crucial for the development of rotorcraft tech-
nology concepts. In addition, as discussed earlier, the propeller-wing configuration studies were
almost exclusively focused on flexible structures in the past literature. The development of a nu-
merically efficient aeroelastic model can be important to the design engineers for preliminary eval-
uation typical of the early stages of a design for a better understanding of the short-wing/propeller
interaction.
Therefore, the main aim of the project can be formulated as follow:
Model and investigate the complex aeroelastic behaviour of the short-wing/propeller
configuration similar to a compound helicopter and/or a tilt-rotor configurations in
order to obtain accurate and reliable predictions of structural vibration.




• Develop a numerically efficient aerodynamic model that is compatible with 2D and 3D wing
models for aeroelastic analysis.
• Investigate and simplify the propeller-wing interaction that can be easily modified and con-
sidered in the model developed.
• Validate/verify the aerodynamic model through benchmark results.
Chapter 3
• Develop a selection of structural models that are able to capture the significant effects, such
as shear deformation, for a wing structure.
• Develop a versatile modal analysis tool that can be applied to all the structural model varia-
tions and validate the tool developed.
Chapter 4
• Link the aerodynamic and structural models for studying the aeroelastic behaviour of a
propeller-wing configuration.
• Demonstrate the validity of the integrated model for aeroelastic analyses.
• Study the static and dynamic stability of the aeroelastic system.
Chapter 5
• Build up a series of numerical algorithms for obtaining aeroelastic response under the defined
flight conditions.
• Verify different capabilities of the aeroelastic model against literature results.
40
• Demonstrate the capability of the combined model presented through a case study on a small
propeller-wing under cruising condition.
• Discuss the different structural effects and analyse the main contributors towards the final
results.
Chapter 6
• Establish core framework integrating modular structural and aerodynamic models developed
• Analyse dynamic behaviour involving different wing configuration, propeller configuration
and flight conditions
• Further exploitation of flight condition types and wing’s dynamic responses
1.3 Methodology and thesis outline
In order to achieve the final purpose of the project, the work can be broken down into several
phases. The descriptions of each stage relating to the structure of this thesis are listed below:
1. Chapter 1: Introduction and Literature Review
(a) Project background study
(b) Literature review on aeroelastic approaches
(c) Set research aims and objectives
2. Chapter 2: Development of aerodynamic model
(a) Simplified propeller inflow effect
(b) Unsteady aerodynamic theories
(c) Application on aerofoil model and validation/verification
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3. Chapter 3: Development of structure model
(a) Derivation of beam-like wing model
(b) Modal analysis and selection of beam theory
4. Aeroelastic model integration
(a) Chapter 4: Aeroelastic instability analyses
(b) Chapter 5: Solution to dynamic response
5. Chapter 6: Aeroelastic model exploitation
(a) Parameter study regarding structure, propeller and flight configurations
(b) Dynamic response under 1-cosine gust and continuous turbulence
In the aeroelastic model, the structural dynamics of the fixed-wing structure is modelled as
a cantilever beam with a deformable elastic axis under flapping, torsional and lead-lag motion.
Aerodynamic loads, such as lifting force and pitching moment, are considered and derived by
unsteady 2D thin aerofoil sectional model based on Theodorsen’s, Wagner’s, Küssner’s and Sears’
theories.
Two-dimensional space is considered first and the aerodynamic model is developed incorpo-
rating effects introduced by propeller inflow. Thin aerofoil theories are investigated and different
combinations of the time- and frequency domain theories are studied for the prediction of aerody-
namic loads under different conditions. The propeller inflow is simplified and taken into account as
several velocity components along the propeller axial and vertical directions in compatible with the
aerodynamic model. The developed aerodynamic model is applied on a sectional aerofoil model
with discrete springs attached for the degrees of freedom of interest and verified under disturbance
and sharp-edged gust against literature results.
The structure model developed based on a cantilever beam takes into consideration of motion
coupling, rotary inertia and shear deformation. A numerical efficient approach based on the trans-
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fer matrix is developed for performing modal analyses. The significances of different structural
effects are evaluated through natural frequencies and mode shapes obtained from the modal anal-
yses. A certain combination of the beam theories is confirmed for representing the short wing in
the compound configuration.
The developed aerodynamic and structural models are to be integrated to form the aeroelastic
model. In performing aeroelastic analyses, a numerical model for studying aeroelastic stability
is also built and validated. Subsequently, the time-domain dynamic response can be obtained.
Verification of the solution process is carried out against similar cases in the literature. With the
completion of verification, it can be implemented onto the short wing configuration for predicting
its aeroelastic behaviour.
Following the completion of the aeroelastic model and the case study, further exploitation of
the model are to be carried out by varying dimensional parameters and flight conditions. A core
framework is developed integrating different modular solvers, regarding structure configuration,
propeller design and flight conditions, into a strategy diagram. Through the core framework, pa-
rameter variations in structural configuration, propeller design and flight conditions are studied for
their effects on the overall dynamic behaviour. Furthermore, two different types of flight condition,
namely 1-cosine gust and continuous turbulence, are considered. Utilising the same framework and
the modular models developed, the responses can be obtained and analysed.
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Chapter 2
Representation of Aerodynamic Loadings
In the quest to study the aerodynamics of a propeller-wing system, an aerodynamic model is devel-
oped to understand the external loading generation and characterisation in the aeroelastic system.
The aerodynamic model needs to be simple and numerically efficient, hence, it is derived from 2D
aerofoil theories. This chapter describes the development of an aerodynamic model for characteri-
sation of airloads generated in the propeller-wing system. For understanding the generation of lift
and the contribution of a propeller, aerodynamic phenomena are studied for the integrated system.
Many propeller-wing configurations, including applications in compound helicopters, small
commuter aircraft and tilt-rotors, are differentiated and discussed. For the main interest of this
thesis, a short and relatively stiff wing with tip mounted propeller is the focus. With a tip-mounted
propeller, the flow condition around the wing is simplified into different airflow velocity com-
ponents. Next, in order to find suitable aerodynamic theories, established analytical theories for
airload predictions are investigated. To start with, the steady aerodynamic theory is introduced as
it can give a preliminary insight into the loading magnitude at different sections of the wing. How-
ever, it is not sufficient for predicting the dynamic response. In order to consider dynamic airload
behaviour, quasi-steady and unsteady aerodynamic theories are also discussed. Theories both in
time and frequency domains are covered, namely Wagner’s, Theodorsen’s, Küssner’s and Sears’
aerodynamic theories. Due to the different theoretical background, these theories are selectively
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combined and applied on an aerofoil section model to verify and demonstrate their practical appli-
cation to literature case studies. During these studies, an optimisation algorithm is proposed and
tested with time-domain unsteady aerodynamic theories. At the same time, differences between
quasi-steady and unsteady aerodynamic theories are discussed and analysed in specific case study
examples.
In this chapter, the effects of a tip-mounted propeller on the wing will be specified into velocity
components based on the general characteristics of a propeller in Section 2.1. Aerodynamic theo-
ries, from steady, quasi-steady to unsteady aerodynamics, will be reviewed in Section 2.2, 2.3 and
2.4 to suit the application of the specified flow condition. Lastly, the aerodynamic model will be
integrated with an aerofoil model and verified based on literature examples in Section 2.5.
2.1 Aerodynamic effects in propeller-wing configuration
Before looking into the specifics in propeller and wing interaction, a crucial aspect is to discuss
the contribution of main rotor wake on the propeller/wing system. In the layout of a compound
helicopter, the wing and main rotor share the total lift that the aircraft requires under different flight
conditions. In fact, the optimum performance of the auxiliary system (propeller/wing) relies on the
size of that auxiliary system. While having the ability to offload the main rotor at high speeds, at a
low aspect ratio, the wing does not extend into the higher-velocity region of the rotor wake [79,80].
The flow field around a sample compound helicopter was presented with no interference of main
rotor wake onto the wing in [81]. In [82], the aerodynamic interaction between rotor wake and
airframe is discussed for conventional helicopters. As illustrated in Figure 2.1, it is clear that,
under hovering and low-speed flight conditions, the main rotor wake is expected to envelop more
of the fuselage front than during high-speed flights.
For compound helicopters, the fact that the wing offloads the main rotor at high speeds results
in a high advance ratio and consequently makes the rotor wake less dominating to the wing struc-
ture than the propeller slipstream. Hence, the main rotor effect is not considered under cruising
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(a) (b)
Figure 2.1: Main rotor wake under: (a) low speed forward flight (b) high speed forward flight [82]
condition in the present study. Although there is a very limited amount of work done in document-
ing the main rotor effect on a wing in forward flight, as it is highly dependent on flight conditions
and design of the aircraft, studies into understanding the interaction between rotors, wings and
propellers will be very beneficial for the further development of such rotorcraft.
Many small commuter aircraft feature turboprop engines, however, considering bending that
would be introduced to the wing as a beam-like structure, turboprop engines are mostly mounted
near to the wing centre and the fuselage. For wing-propeller configurations in this project, pro-
pellers are mounted at the wing tip, which requires a much stiffer wing design and results in less
interaction of propeller wake into the wing structure. Another similar application of the propeller-
wing configuration is tiltrotors. Tiltrotors change the angle of the propeller front to maintain a
balance between lift and propulsion. Under hovering, also known as helicopter mode, propellers
turn into vertical rotors providing lift to the rotorcraft. During cruising, known as its aeroplane
mode, propellers are aligned in advancing direction giving propulsion. The aeroplane mode of
tiltrotor is a similar application to the compound helicopter wing-propeller system. Hence, the
aerodynamic model can also represent tiltrotors’ wing-propeller system under aeroplane mode.
For the aerodynamic effects, there are two categories of airflow components involved, one is
the advancing flow present for the whole span, similar to the case of a fixed wing, and the other is
introduced due to the presence of a tip-mounted tractor propeller. Under cruising condition, each
segment of the wing span is moving forward at a constant speed. In most cases, wings are not built
horizontally. The angle between the chord and the advancing direction is an important parameter
in generating lift. Hence in some cases the chord is built at an angle relatively to the aircraft
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horizontal axis and this angle is termed as the pretwist angle in this thesis. If a pretwist angle is
present, it can be considered as an angle itself or as an equivalent step gust which reproduces the
relative angle between the chord and the advancing direction, hence it creates the same effect.
Propellers, however, pull air streams through and contribute to flow-approaching velocity near
the propeller-covered areas. As illustrated in Figure 2.2, along the aircraft advancing direction,
the airflow approaching profile Ua starts with a uniform cruising speed and sees a gradual addition
due to propeller inflow. At the same time, propellers affect the vertical velocity profile. As each
rotating blade passes the wing, a vertical velocity component is introduced. After some time, air
streams are formed in a sinusoidal fashion.
Figure 2.2: Parabolic axial and vertial velocity components added by presence of a propeller
These airflow components all contribute to the whole system dynamics in the form of forces and
moments. In the following sections, aerodynamic theories that translate different airflow compo-
nents into aerodynamic loadings are explained and applied in a numerical aerofoil model. Finally,
verification of the aerodynamic model is studied through similar research work in literature.
2.2 Steady aerodynamic theory
In order to characterise aerodynamically-induced loads, namely lift and aerodynamic moments,
some properties of the flow and aerofoil need to be clarified, as they play crucial roles in the
generation of those loads. Starting with static parameters, the steady lift and moment can be
47
defined independently of the rate and acceleration of the lifting surface. First of all, the surrounding
conditions are to be taken into account. This includes air density of the flow ρ, which is commonly
linked with flight altitudes. The relative velocity between airflow and aerofoil Ua is another key
factor, as well as its relative angle with respect to the aerofoil which is known as the angle of attack
(AoA). Doubtlessly, the area of the lifting surface should also be considered. A larger wing would
result in a greater lift under the same circumstance. On an aerofoil section, the chord length c is
the representation of the lifting surface. In Figure 2.3, an aerofoil section is illustrated accordingly
with those properties. Taking a unit length of the wing, the steady lift and aerodynamic moment,
acting upon the aerodynamic centre, can be defined theoretically as








Having plunging h and pitching α degrees of freedom defined at the aerofoil shear centre, the
AoA is only contributed by the pitching displacement α in steady flow. Also within the defined ex-
pression, CL is the gradient between lift coefficient and the angle of attack and CM is the moment
coefficient. Both are dependent on the aerofoil shape. For the case of symmetric aerofoil as in Fig-
ure 2.3, CM is zero. As for CL, it is considered as a constant for linear aerodynamic theories, and
as equal to 2π for thin aerofoil theory. However, when computational simulation or experimental
data is available, the simplification should be removed, and results from those studies should be
used.
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As for the thesis objectives, one of them is to develop a numerically efficient model for the
consideration of different aerodynamic effects in 2D and 3D wing models. Experimental data
or extensive numerical flow field simulation do not fall into the objective outline. Instead, thin
aerofoil theory provides a preliminary understanding of lift generation and gives an insight into
more complex three-dimensional models, hence it is being implemented. With thin aerofoil theory,
the aerodynamic centre is assumed to be at one quarter chord behind the leading edge, where
aerodynamic loads are acting upon. Therefore, Mac equals to zero. Meanwhile, Equation (2.1) can
be simplified as
L = −2πρbU2aα Mac = 0, (2.2)
in which b is the half chord length. In this thesis, the shear centre is used as the reference point,
hence the aerodynamic moment is introduced by the offset distance between the aerodynamic
centre (quarter chord) and the shear centre. A simple case is demonstrated here with parameters
listed as
b = 0.3 m Ua = 128 m/s a = −0.277 ρ = 1.225 kg/m3,
where ab is the distance between aerodynamic centre and half chord, hence, the aerodynamic
moment at the shear centre Mα can be written as Mα = b(1/2 + a)L. Referencing to the shear
centre, the lift (Lh) and pitching moment (Mα) would be proportional to the AoA before reaching
stalling as illustrated in Figure 2.4.
Thin aerofoil theory does not account for stalling, which is a critical point of flow separation.
Since during the operation of the wing-propeller configuration, the incident angle of the wing
would not go near the critical stalling point (typically 10 deg to 15 deg), thin aerofoil theory is
sufficient for this thesis.
Steady aerodynamics is the simplest theory for describing the loading condition of an aerofoil
in steady flow. It is also the key to an important static aeroelastic instability named divergence.
However, in terms of studying the aeroelastic response of a system, steady aerodynamics has its




Figure 2.4: Linear increment for (a) lift and (b) pitching moment due to the AoA before stalling
response cannot be taken into account. Therefore, in order to predict aeroelastic response under
oscillatory input, such as the one in propeller-wing configurations, unsteady effects have to be
taken into consideration.
2.3 Quasi-steady aerodynamic theory
Between pure steady and unsteady aerodynamic theories, quasi-steady aerodynamic theory is a
simplified approximation for quantifying unsteady aerodynamic loadings. It implies that the aero-
dynamics loads are dependent only on the instantaneous motion of the lifting surface. This is again
a very convenient and efficient way to consider unsteady behaviour of an aeroelastic system, hence
it was widely used in the pre-design stages. Following the basic format of lift generation, the lift is
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defined by air density ρ, airflow velocity Ua, lifting surface area (defined by the chord length c) and
AoA. Inheriting from the static aerodynamics, naturally the pitching displacement α is contribut-
ing towards the AoA. Since quasi-steady aerodynamic theory considers velocities and acceleration
of the aerofoil, the relative angle between aerofoil chord and aerofoil resultant velocity needs to be
modified, as well as the AoA.
In quasi-steady aerodynamic theory, the instantaneous AoA is measured at the three-quarter
chord of the aerofoil. As shown in Figure 2.5, with defined motions at the shear centre, the chang-
ing rate of motion creates an additional velocity component in the plunging direction at the three-
quarter chord point.
Figure 2.5: Aerofoil in quasi-steady aerodynamics
The shear centre is located behind the mid-chord point by length ab. The additional velocity
component wadd then can be written as wadd = dhdt + b(0.5 − a)
dα
dt
. Overall, the angle between
aerofoil chord and aerofoil resultant velocity, also the instantaneous AoA, can be written as αAoA =
α + wadd/Ua. With thin aerofoil theory, the quasi-steady lift and moment can be obtained by
substitution of the instantaneous AoA as





) Mac = 0 (2.3)
Despite the simplicity and common usage of quasi-steady aerodynamic theory, limitations of
the method need to be pointed out before any application. As stated by Haddadpour and Firouz-
Abadi, the validity of quasi-steady approximation is accepted for flutter analysis in the special
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supersonic flow regime. However, for usage in general in the subsonic flow regime, the same
approximation is not reliable except for a few special cases [83]. Instead, the unsteady aerodynamic
theory is much better suited for the analyses under incompressible subsonic flow.
2.4 Unsteady aerodynamic theories
For thin and rigid aerofoils undergoing small plunge and pitch motions in inviscid incompress-
ible flow, analytical theories are available for characterising aerodynamic loadings in a simple and
efficient way. However, as discussed, neither steady aerodynamic theory nor quasi-steady aero-
dynamic theory is sufficient for the application in this thesis. Unsteady aerodynamic theories are
investigated in this section.
One of the differences between quasi-steady and unsteady aerodynamic theory is the consid-
eration of transient behaviour. Lift, in general, is directly linked with advancing velocity of the
aerofoil, density of the surrounding flow, aerofoil chord length and the AoA. When studying the
dynamics of an aerofoil, changing of the AoA is of initial interest. Lift changes as the AoA
changes. However, the transition is not instantaneous. In fact, the aerofoil needs to travel several
chord length before reaching its steady state. This delay is caused by vortices formed at the trailing
edge. Unsteady aerodynamic theories take into account the changes of lift at each time interval and
its transition towards the steady state. Another difference is that unsteady aerodynamic theories
introduce non-circulatory effects. Non-circulatory loadings, stemming from apparent-mass/inertia
effects, are generated by the acceleration of fluid particles surrounding the oscillating body.
In this section, four main theories, namely Wagner’s, Theodorsen’s, Küssner’s and Sears’ mod-
els, are introduced, compared and applied to an estimated short wing configuration. Wagner’s and
Theodorsen’s models both consider the advancing flow properties and the simultaneous motion of
the lifting surface. Wagner’s model features a convolution integral of the Wagner’s function in
the time domain, while Theodorsen’s model involves a combination of Bessel functions giving a
prediction of unsteady airloads in the frequency domain. On the other hand, a vertical velocity
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profile along the span may be referred to as gust and can be taken into account via the Küssner
model and the Sears’ models. In the time domain, Küsser’s model is able to predict resultant loads
when the aerofoil enters an arbitrary gust field. Also, due to the nature of propeller inflow, steady-
state lift and moment, induced by sinusoidal velocity field, can be obtained by Sears’ model in the
frequency domain.
All these four theories come from linear potential flow theory, however, the choice of time-
domain or frequency-domain approach depends on the primary interest of the problem. When
studying the transient response of an aerofoil under disturbance, time-domain theories are the most
suitable and applicable. While, for stability analysis or obtaining steady-state responses, simple
harmonic motions are assumed for all degrees of freedom analysed. Therefore, critical velocities or
harmonic frequencies are the main interests. In this case, frequency-domain theories are preferred.
For all unsteady aerodynamic theories in the time domain, dimensionless time τ = U∞t/b is
used, which considers a dimensionless unit as how long the aircraft needs to travel half a chord
distance b at an advancing velocity U∞. On the other hand, in the frequency domain another
dimensionless parameter, reduced frequency k = ωb/U∞, is often featured. It is a parameter that
defines the steadiness of the system. When k = 0, this indicates the steady state. While for k
ranging between 0 to 0.05, the system can be treated as quasi-steady. As k goes beyond 0.05,
unsteady aerodynamic theories need to be applied.
2.4.1 Time-domain indicial response: Wagner’s model
Consider an aerofoil with plunging h (positive downwards) and pitching α (positive nose up) de-
grees of freedom, as shown in Figure 2.6. Its unsteady aerodynamic behaviour can be modelled
by the Wagner’s function with lift La and pitching moment Ma, where La is referenced to LC and
LNC as La = LC cosα + LNC .
As lift is associated with circulation around an aerofoil, the growth of circulation gets slowed
down by the counteracting vortices. Hence from a change of AoA to change in aerodynamic
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Figure 2.6: Aerofoil Model with Pitching and Plunging
loadings, an algorithm is needed to quantify this transition. Wagner’s theory gave an explanation
and quantification to this transition. Wagner considered an aerofoil undergoing step changes of
AoA in a flow, and formulated the circulatory part of the unsteady lift [37]. Based on the theory of
oscillating aerofoils, the circulation is determined by the downwash velocity at the 3/4 chord point
from the leading edge, which is a similar concept to the instantaneous AoA discussed in Section
2.3, and consists of the following three components:
• dh
dt
Downwash due to vertical translation;





Downwash due to torsional motion.
These three components are exactly the same three contributors to the instantaneous AoA.
Combining these three components, downwash velocity at the 3/4 chord point can be formulated
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To keep track of step changes in the AoA at every time step for its transition towards steady-
state status, the downwash at every time step is integrated against the Wagner’s function φ(τ)
φ(τ) = 1− A1e−b1τ − A2e−b2τ ,
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where A1 = 0.165, A2 = 0.335, b1 = 0.0455 and b2 = 0.300. Wagner’s function φ(τ), as
illustrated in Figure 2.7, describes the growing pattern of aerodynamic lift and is determined by
Bessel functions [84].
Figure 2.7: Wagner’s function φ(τ) against dimensionless time describing transition to steady state
In here, the Wagner’s function is expressed using R.T. Jones’ approximation [85, 86] as it is
easy to manipulate, especially for its simplicity with the application of the recursive algorithm.
Other forms of approximation can be found in [82, 84], but will not be considered here.
When there is a step change of the AoA, the induced lift would not instantaneously attain its
steady-state value. Instead, when τ = 0, it starts with half of the steady-state value. As τ increases,
φ(τ) is gradually going towards unity indicating that the lift is gradually growing towards a steady-
state value. Hence the circulatory lift LC can be obtained through a convolution integral of the












where CL is the gradient for lift coefficient against the AoA, here taken as 2π due to thin aerofoil
theory, b is the half chord length, a is the dimensionless position measuring the location of shear
centre from mid-chord, ρ is the air density, Ua is the flow approaching speed, and φ(τ) is the
Wagner’s function.
Recalling the lift formulation in Equation 2.1, the convolution integral of downwash velocity
and Wagner’s function can also be regarded as the effective AoA at each time interval. With the
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basic format of lift generation, similar to Equation (2.1), the circulatory lift can be presented as
















The circulatory lift is always normal to the resultant advancing velocity, as illustrated in Figure




+ a)LC . (2.7)
At the same time, the acceleration of fluid particles surrounding the aerofoil also contributes to
the aerodynamic loading. This is commonly termed as apparent mass. The loads generated from
this origin is not due to circulation created by the AoA, hence it is from a non-circulatory nature






) Lift due to vertical acceleration at mid-chord;
• πρb2Ua dαdt Lift due to centrifugal effect at 3/4 chord.
As for the non-circulatory moment, besides the ones corresponding to each lift components,






By summing up all the lift components and the nose-down couple, the non-circulatory lift and



























Note that the expressions for ḧ, ḣ, α̈ and α̇ in Equation (2.8) are differentiations with respect
to dimensionless time τ . These non-circulatory loads are not included in the quasi-steady aerody-
namic theory. Under the supersonic flow regime, the reduced frequency k tends to be low, in which
case the non-circulatory loads have a minor effect in bending-torsion flutter of cantilever wing as
stated by Fung [84]. However, under subsonic flow, the reduced frequency is higher which leads
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to non-circulatory loads having a much greater effect. Hence, unsteady aerodynamic theories, that
take into account those effects, are better suited.
With the addition of a propeller, the flow approaching velocity Ua is not uniform along the
span. Therefore, it is important to distinguish between aircraft advancing velocity U∞ and Ua in
the formulation process. With Wagner’s model, velocity variation along the span Ua can be con-
sidered together with the instantaneous and historical motions of the lifting surface. However, the
Wagner’s model uses convolution integrals to take into account the aerofoils aerodynamic history.
Consequently, a large set of data is needed at each iteration of the numerical process performed, de-
creasing the numerical efficiency of such a simplified approach. To overcome inefficiency brought
by convolution integrals, a recursive algorithm is implemented to update the loading status based
on one previous data point. Since the convolution integral is a common feature for time-domain
aerodynamic theories, the application of the recursive algorithm will be discussed at the end of this
section, when all unsteady aerodynamic theories are covered.
2.4.2 Frequency-domain unsteady response: Theodorsen’s model
Theodorsen’s approach is widely used for frequency-domain analyses of fixed-wing aircraft and
helicopter rotor dynamics. It gives a solution for aerodynamic lift and moment of an aerofoil
undergoing small harmonica oscillations in inviscid incompressible flow. Since Wagner’s theory
and Theodorsen’s theory both were derived from linear potential flow theory, they share the same
principles, such as determining the effective AoA through downwash velocity at the 3/4 chord
and the formulation of non-circulatory loads. Theodorsen found that the circulatory lift can be
formulated in the frequency domain as
LC = −CLbρUaC(k)w3/4, (2.9)
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1 (k) + jH
(2)
0 (k)
, where H(2)n (k) = Jn(k)− jYn(k).
H
(2)
n (k) is Hankel functions of the second kind, which can be expressed in Bessel functions of
the first kind Jn(k) and second kind Yn(k). As reduced frequency k is one of the parameters that
defined steadiness of the system, plotting the real and imaginary parts of C(k) helps understanding
the lift deficiency pattern throughout its development from transient towards steady state.
Figure 2.8: Theodorsen’s function C(k) against 1/k describing transition of lift and phase lag
It can be seen in Figure 2.8 that when k tends to infinity (1/k ≈ 0), the Theodorsen’s function
gives C(k) = 0.5. This indicates that as the angle of attack changes, lift starts with half of its
steady-state value, which aligns with the statement of Wagner’s function φ(0) = 0.5. As k gets
smaller, going towards a steady state, the real part increases, showing an increase in lift amplitude.
Meanwhile, a phase lag is introduced. Finally, when k approaches zero, C(k) marches towards
unity for a steady state.
Going back to the basic format of lift generation, in Theodorsen’s theory, the effective AoA is
expressed as αeffAoA = C(k)w3/4/Ua. If C(k) = 1, one can find that this expression is identical
to the AoA in quasi-steady definition, as given by Equation (2.3). Again, the circulatory lift is
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perpendicular to the resultant advancing velocity as illustrated in Figure 2.6. With a small incident
angle, the corresponding moment MC is formulated as
MC = −b(1/2 + a)LC . (2.10)
Non-circulatory terms again share the identical formulations with the Wagner’s model refer-
ring to the shear centre. Therefore, the aerodynamic lift and moment can be written, similarly to



























Theodorsen’s theory is one of the most commonly featured tools for the investigation of aeroe-
lastic instability, especially with proven validity for analyses in the subsonic flow regime [83].
However, when it comes to solving time-domain transient response, frequency-domain theory as
Theodorsen’s has very limited usage, the Wagner’s theory is better suited instead.
2.4.3 Time-domain arbitrary gust field response: Küssner’s model
With the configuration of a tip-mounted propeller, some part of the wing is immersed in the non-
uniform propeller-wake flow. Clearly, the propeller-wake flow would affect the overall airloads
on the wing. To distinguish effects from changes of AoA taken into account by Wagner’s or
Theodorsen’s theory and effects induced from vertical velocity field, Küssner’s theory is introduced
for mathematical modelling of the propeller-wing aerodynamics.
For the case studies, in the vertical direction, several velocity components need to be taken
into consideration. Firstly, to reproduce effects of the wing’s built-in angle (ε0), an equivalent
step gust (w0 = Ua tan ε0) going through a horizontally-placed wing can be used along the full
length of the wing span. As discussed earlier, the aerodynamic loadings are all introduced based
on the relative angle between the advancing flow and the chord. As long as the relative angle
is kept, the aerodynamic effects caused by a structural pre-twist and a step gust along the span
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are equivalent. It is also important to point out that the nature of pre-twist effect is not based
on incoming wake flow, however, the representation of pre-twist effect through step-like gust is
to simplify the structural mathematical equations. By aligning the aircraft horizontal axis and
the advancing velocity, stiffness coupling due to the pre-twist angle can be simply treated as a
coordinate rotation problem. The step-like gust distributions along the span and along time are
presented in Figure 2.9.
Figure 2.9: Uniform step-gust w0(τ) along span
As for the propellers, in the propeller-covered area, a velocity profile wp is present with si-
nusoidal variation wi. As each blade passes, there is a vertical velocity profile induced onto the
wing surface, symmetrical to the propeller axis. Due to the propeller location being tip-mounted,
only the first symmetrical half is overlapping with the wing span, and it is considered as wp. The
velocity profile is illustrated in Figure 2.10.
Figure 2.10: Step velocity profile wp(τ) along span
The sinusoidal variation wi captures the periodic nature of propeller slipstream. As illustrated
in Figure 2.11, a sinusoidal gust with amplitude of wai , frequency of ωp and advancing speed of
Ua is approaching an aerofoil. For previously determined reference point being the aerofoil shear
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centre, the vertical gust can be expressed as below
wi(x, t) = w
a
i (x) sinωp(t− b(1 + a)/Ua) =⇒ wi(x, τ) = wai (x) sin kp(τ − U∞(1 + a)/Ua),
where ωp is the blade-passing frequency relative to the wing, kp = ωpb/U∞ is the blade-passing
frequency in the dimensionless time domain.
Figure 2.11: Sinusoidal Gust
Combining these three components, overall, the total vertical velocity component can be writ-
ten as
wG(x, τ) =
 w0(x, τ) without propellerw0(x, τ) + wp(x, τ) + wi(x, τ) with propeller. (2.12)
Similar with the unsteady aerodynamic loading presented in Section 2.4.1, lift and pitching mo-
ment exerted on the aerofoil can be expressed with Küssner’s function, considering the convolution
integral to find the time-domain transient lift response to an arbitrary vertical upwash field [14,82].
Recalling the definition for dimensionless time τ , it is the amount of time needed for an aerofoil
to travel half of its chord length. In Wagner’s theory, the AoA changes instantaneously over the
whole chord at τ = 0. Whereas in Küssser’s theory, the AoA changes progressively as an aerofoil
penetrates into the gust field. At τ = 2, which is the amount of time needed to travel the whole
chord, the aerfoil is then fully immersed in the gust. Hence, Küssner proposed a function which
describes the lift progression from τ = 0 towards steady state, as illustrated in Figure 2.12.
Instead of having half of the steady-state lift from τ = 0, Küssner considered the transient
lift starting from zero. Like the Wagner’s function φ(τ), the exact formulation of the Küssner’s
function ψ(τ) consist of Bessel functions, however, for easy implementation, it is replaced by an
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Figure 2.12: Küssner’s function ψ(τ) against dimensionless time τ describing transition towards
steady state
exponential approximation. Here, the Küssner’s function ψ(τ) is defined as approximated by Sears
and Sparks [42] as
ψ(τ) = 1− A3e−b3τ − A4e−b4τ ,
where A3 = 0.500, A4 = 0.500, b3 = 0.130 and b4 = 1.000 and other approximate forms of the
Küssner’s function can be found in [14, 82].
To integrate gust effects at every time step and their influence on the overall solution, the
convolution integral of the defined velocity field with Küssner’s function is implemented. Like












Since gust load is entirely circulatory, lift is exerted at the 1/4 chord from the leading edge.





To summarise, Küssner’s theory is very versatile and can consider any air-load induced by
a defined velocity field. At the same time, just like the Wagner’s and the Theodorsen’s theory,
Küssner’s model originates from linear potential flow theory, in which different aerodynamic ef-
fects can be superimposed individually.
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2.4.4 Frequency-domain sinusoidal gust response: Sears’ model
In this section, Sears’ model, giving air-loads solutions for an aerofoil moving in vertical sinu-
soidal gust field, is introduced. Due to the operating condition of a propeller, the wing structure is
experiencing sinusoidal velocity variation in the vertical direction. This coincides with the simple
harmonic expression used for frequency-domain solutions. Hence, this model can be more effi-
cient than Küssner’s model when only the steady-state analyses are to be performed. Sears’ model
provides the steady-state air-loads generated when an aerofoil is travelling through sinusoidal gust
field.
In this special case, the sinusoidal velocity field is excluded from Equation (2.12) in the
Küssner’s model related calculations. Hence the following equation is replacing Equation (2.12)
wG(x, τ) =
 w0(x, τ) without propellerw0(x, τ) + wp(x, τ) with propeller. (2.15)
Sinusoidal velocity field wi(x, t) is then considered separately with Sears’ theory. Developed
by von Kármán and Sears [41], the original theory took the mid-chord as the point of reference
and gave results for lift and moment based on the oncoming propeller velocity variation wi. In this
case, wi is defined as below
wi = w
a
i sin(ωpt− ωpxref/Ua) = w
a




in which xref defines the referencing point from the leading edge and xref = b for the original
work. Accordingly, Sears defined a function describing loading behaviours as reduced propeller
frequency kp changes. kp = ωpb/U∞, defined in the previous section, is the dimensionless expres-
sion of the blade passing frequency. As each blade passes the wing, repetitive cycles of velocity
variation result in a sinusoidal velocity field. Since the wavelength λp can be written as Ua/ωp, the
reduced frequency kp can also be expressed as bλp
Ua
U∞
. In most cases, aircraft advancing velocity
U∞ and the flow approaching velocity Ua are identical. Even with the addition from propeller
inflow, the difference is not significant in the present case. Therefore, kp is a ratio between aerofoil
half chord and the wavelength, measuring how many cycles there is within one half-chord length.
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Sears’ function is dependent on kp. The original form of Sears’ function S(kp) is computed in
terms of Bessel functions and given as below and its real and imaginary parts are plotted in Figure
2.13
S(kp) = [Jo(kp)− jJ1(kp)]C(kp) + jJ1(kp),
in which C(kp) is the formulation for the Theodorsen’s function for frequency domain analysis of
unsteady aerodynamic loadings for 2D aerofoil, which is also the frequency domain equivalence
of the Wagner’s function.
Figure 2.13: Real and imaginary part of the original Sears’ function S(kp) describing lift and phase
lag transitions
As illustrated in Figure 2.13, the real and imaginary parts of the Sears’ function experience
fluctuations between the positive and negative quadrants. However, a clear indication of the ampli-
tude increment is shown by the magnitude of the Sears’ function |S(kp)|. As kp becomes smaller,
|S(kp)| shows a smooth growing tendency and settles at unity, as kp approaches zero. In a physical
sense, when the sinusoidal wavelength is smaller than or comparable to the aerofoil half chord,
the air-load would be compromised compared to its steady aerodynamics. As the wavelength gets
larger and going towards infinity, kp approaches zero. The effect of upwash velocity field can be
taken into account as in steady aerodynamics. Based on this theory, the lift and moment can be
computed as follow





In the case present, the point of reference is the shear centre, hence the original theory should be
modified. Changing the point of reference would result in a different formulation of the sinusoidal
velocity field, as well as the Sears’ function. In [82], the aerofoil leading edge was taken as the
point of reference and the modification of Sears’ theory was discussed. In fact, alternation of the
referencing point is equivalent to a phase shift, which reflects on expressions for the velocity field








Comparing with the original expression in Equation (2.16), there is a frequency dependent phase
change of −kpaU∞Ua . Accordingly, in the frequency domain, Sears’ function is modified by an
anticlockwise rotation of the same phase change. Hence, the modified Sears’ function S ′(kp)
defined as
<S ′(kp) = <S(kp) cosφp + =S(kp) sinφp
=S ′(kp) = −<S(kp) sinφp + =S(kp) cosφp
(2.19)
with a phase change φp = −kpaU∞Ua .
2.5 Model integration and optimisation
The aerodynamic theories introduced above are all derived based on an aerofoil in two-dimensional
space, hence, some simple applications of these aerodynamic theories can be studied on a sectional
aerofoil model. As illustrated in Figure 2.14, an aerofoil with plunging and pitching degrees of
freedoms is set up to verify the appropriate application of the aerodynamic model.
Having two degrees of freedom, being plunging (h) and pitching (α), the configuration is able
to represent the case of a typical aerofoil section along a finite wing, with the discrete spring (kh
and kα) reflecting the wing structural bending and torsional stiffness [52]. The equations of motion
are derived by the Lagrange’s equation through the system kinetic and potential energy (KE and
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where m is the aerofoil mass per unit span, IGC is the mass moment of inertia per unit span mea-
sured at the centre of gravity, h and α are the plunging and pitching displacements respectively, Sα
is the static unbalance about the elastic axis, caused by offset between the shear and gravitational
centres, positive when the mass centre is in the front, kh and kα are the stiffness coefficients for
plunging and pitching motions. The Lagrange’s equation is applied to compute governing equa-













Note that qi is the generalised displacement coordinate, hence h and α. Qi is the generalised load
associated with the displacement coordinate, in another words, total lift Lh and the total pitching
moment Mα at the aerofoil shear centre.
The general form for the equations of motion for a typical aerofoil section with pitching and














+ kαα = Mα.
(2.22)
Also, a similar form of equations of motion and its derivation can be found in [52] and [84].
Lh and Mα consist of unsteady air-loads predicted by unsteady aerodynamic theories addressed in
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Section 2.4. In principle, those air-loads are also results of the simultaneous plunging and pitching
motions. Therefore, a common practice is to confirm stability under a given flight condition. This
is termed as aeroelastic instability analysis which will be discussed explicitly in Chapter 4. For this
section, without having to consider aeroelastic instabilities, cases from previous studies can help to
validate partially the aerodynamic model, as well as give an insight into the computational power
required. As stability is not the main concern, time-domain theories, Wagner’s and Küssner’s
models, leading to solutions for dynamic responses are studied and validated in this section. With
a small flow incident angle, the lift and moments from advancing flow with any arbitrary gust field
can be formulated as
Lh = LC + LNC + Lg ; Mα = MC +MNC +Mg. (2.23)
Recalling the Wagner’s theory, LC and LNC are the circulatory and non-circulatory lifts in
Equation (2.5) and (2.7), whileMC andMNC are moments exerted from LC and LNC respectively.
Lg and Mg are lift and moment from the Küssner’s theory in Equation (2.13) and (2.14). At the
same time, the Wagner’s and Küssner’s theories are both featured in the dimensionless time domain
τ = U∞t/b. Hence, Equation (2.22) can be modified with dimensionless parameters as








In Equation (2.24), time differentials ξ̈, ξ̇, α̈ and α̇ are with respect to dimensionless time τ .
ξ = h/b is the dimensionless plunging displacement, χα = Sα/mb is the dimensionless static un-
balance coefficient, rα = (Iα/mb2)
1
2 is the dimensionless radius of gyration, A = ω2hb
2/U2∞ is the
dimensionless stiffness parameter, ωh = (kh/m)
1
2 is the plunging natural frequency, V = U∞/bωα
is the dimensionless speed, ωα = (kα/Iα)
1
2 is the pitching natural frequency, lh is the total aerody-
namic lift in dimensionless form, and mα is the total pitching moment in dimensionless form. The
expressions for lh and mα resemble Equation (2.23), however with modified dimensionless formu-
lations of those loading components as listed in Equation (2.25). They are derived from Equation
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(ξ̈ − aα̈)− 1
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ūf α̇ ; mNC(τ) = +
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In the above equations, µ = m/πρb2 is the dimensionless mass parameter and ūf = Ua/U∞
is the ratio between aircraft advancing velocity and the airflow approaching velocity. Under a
sectional model, it is assumed that flow condition is uniform across the wing span, hence the
aircraft advancing velocity U∞ is of the same magnitude with the airflow approaching velocity Ua
and ūf = 1 for all the aerofoil case studies in this section. In cases with presence of propellers, a
beam model in three-dimensional space is needed as uniformity becomes invalid and ūf turns into
a function of the wing span, which will be further discussed in Chapter 5.
2.5.1 Plunging response under sharpe-edged gust
In 1941, Sears and Sparks studied the plunging dynamic response of an aircraft wing undergoing
sharp-edged gust and solved the governing equations analytically through the Heaviside’s opera-
tional methods [42]. In his study, an aerofoil section was used to represent a modern aircraft wing,
whose parameters were featured by A.E. Lombard, Jr. in his thesis [87] and writes as
c = 7.5 ft. m = 0.7354 slugs per ft. span kh = 622.5 lbs. per ft. per ft. span
ρ = 0.002378 slugs per ft.3
Under four flight conditions featuring four different advancing speeds (Ua=562.5ft./s, 375ft./s,
187.5ft./s and 93.75ft./s), a sharp-edged gust is present across the span, hence, U∞ is identical to
Uα for all flight conditions discussed. A sharp-edged gust is a step vertical velocity component.
In Sears and Sparks’ example, the sharp-edged gust has the same magnitude as airflow advancing
velocity Ua and starts from t=0. With one degree of freedom, a governing equation for the aerofoil
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+ khh = Lh =⇒ ξ̇ + Aξ = lh where A = khb2/mU2∞,
in which A is the dimensionless stiffness parameter. With four cases under different advancing
velocities, A has four different values accordingly as 0.0375, 0.0845, 0.338 and 1.355. On the
RHS, lh = lC + lNC + lg is the aerodynamic loading prediction as a result of the Wagner’s and
Küssner’s theories. By taking pitching as rigid, loading components can be derived based on
Equation (2.25) and the corresponding aeroelastic response is obtained numerically. A numerical
approach based on the Newmark-beta solution method [88] is applied and compared against the
results obtained by Sears and Sparks in [42]. The plunging responses for four different operating
conditions are plotted in Figure 2.15, showing good agreement between the obtained results and
what was presented in [42].
Figure 2.15: Newmark-beta solver results aligned with results presented [42]
The unsteady behaviour can sometimes be considered as quasi-steady, in which case the instan-
taneous change of the AoA results directly in the aerodynamic loadings without any transitional
period. This can be applicable when the harmonic motion is slow or variation of non-harmonic
69
motion is slow [52]. There is not, however, a quantitative measure of how slow the motion is to
be acceptable for quasi-steady aerodynamic theory. In here, under the same four flight conditions,
the results obtained by Wagner’s unsteady aerodynamic model and quasi-steady aerodynamic the-
ory are compared and illustrated in Figure 2.16. It can be observed that a better agreement is
achieved with less varying motion, and quasi-steady aerodynamics always gives a larger estima-
tion for system damping. Theoretically, Wagner’s model considers transitional lift deficiency effect
and non-circulatory effects. In reality, the motion history affects the aerodynamic loadings through
the wake. Quasi-steady aerodynamics ignores the transition, making aerodynamic loadings change
simultaneously with the AoA. Non-circulatory lift, on the other hand, is from added mass due to
the fluid particles around the moving aerofoil, termed as apparent mass. For quasi-steady aerody-
namics, a smaller system mass would then result in a larger system damping. As shown in Figure
2.16, the quasi-steady results are more damped compared to the unsteady results. Ignoring lift de-
ficiency effect would weaken the damping behaviour, while the non-circulatory mass strengthens
it. In this case, the non-circulatory effect is more significant than the lift deficiency effect.
Figure 2.16: Results obtained by Wagner’s unsteady and quasi-steady aerodynamics
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It is also found that when doubling the simulation time span, the computational effort needed
would increase 10 times or more. Tracing back to the analytical formulations for the aerodynamic
theories, one can find that the convolution integral is commonly featured in the time-domain theo-
ries. Convolution integration takes into account all historical data and integrates against a pattern
function φ(τ) or ψ(τ), hence, doubling simulation time span would result in a significant increment
of computational effort. A solution to this is discussed in the next section.
2.5.2 Recursive algorithm for the convolution integral
Time-domain prediction of the aerodynamic loads, due to wing-propeller interaction, relies on
analytical sectional theories that commonly feature the convolution integral, in order to take into
account all time history variations. Consequently, a relatively large amount of data is needed at
each iterative step, decreasing the numerical efficiency of such a simplified approach. In this sec-
tion, an alternative recurrence approach is introduced and implemented in the current model to
overcome inefficiency brought by the convolution integral. This is a common practice for numer-
ical analyses involving the convolution integral. One can refer to Leishman’s book [82] for more
details. Here, Wagner’s model is taken as an example to demonstrate the simplification process.
The same formulation applies to Küssner’s model, by replacing w3/4(τ) with defined gust field
wg(τ), and the Wagner’s function φ(τ − τ0) with the Küssner’s function ψ(τ − τ0).
As discussed in Section 2.4.1, in the formulation of circulatory lift LC , the effective downwash
can be written as
αeffAoA(τ)Ua(τ) = w3/4(0)φ(τ) +
∫ τ
0
ẇ3/4(τ0)φ(τ − τ0)dτ0, (2.26)
in which φ(τ − τ0) is the Wagner’s function and the approximation derived by R.T. Jones [85, 86]
is used, which can be simplified mathematically as
αeffAoA(τ)Ua(τ) = w3/4(0)(−A1e
−b1τ − A2e−b2τ ) + w3/4(τ)−X(τ)− Y (τ), (2.27)
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According to [82], the term w3/4(0)(−A1e−b1τ−A2e−b2τ ) is representing short-term transients and
can be neglected. Therefore, the downwash can be written as
αeffAoA(τ)Ua(τ) = w3/4(τ)−X(τ)− Y (τ). (2.28)
When sampling with time step ∆τ , one will have X at τ + ∆τ written as















At this stage, a backward-difference approximation can be applied so that
ẇ3/4(τ + ∆τ) =






The remaining part within the integration can be evaluated exactly, the detail derivation is presented
in Appendix A. Therefore, by following the same procedure for Y (τ), integrations along the time
history can be avoided with X(τ) and Y (τ) being simplified recursively as












Hence, indicial lift at τ can be written as
LC = −CLbρUa(w3/4(τ)−X(τ)− Y (τ)) (2.30)
Similarly, for Küssner’s model, the unsteady lift Lg(τ) can also be formulated in this fashion
Lg(τ) = −CLbρUa (wG(τ)−Xg(τ)− Yg(τ)) , (2.31)














The recursive algorithm replaces the tedious process of convolution integration and overcomes
inefficiency it brought. Taking the plunging aerofoil model in Section 2.5.1 as an example, on a
standard desktop PC, the computational power required for the original convolution integral and its
recursive alternative are compared in Table 2.1. One can clearly tell that the recursive formulation
is much faster and a lot more efficient than its original convolution expression. When dealing
with very simple cases with short time-span, the computational time required for the convolution
formulation may be reasonable. As the model develops, however, more degrees of freedom will be
taken into account and sectional loads will be integrated along the wing span, the level of solution
complexity would naturally increase, hence, the application of the recursive algorithm is a pre-
requisite at this stage for further development of the aerodynamic model.
Table 2.1: Computational time comparison for convolution integral and its recursive formulation
Case Simulation time span (s) Recursive formulation (s) Convolution integral (s)
A=0.0375 50 0.23 13.81
A=0.0845 50 0.24 13.49
A=0.3380 25 0.10 2.14
A=1.3550 15 0.07 0.70
2.5.3 Plunging and pitching response under sharp-edged gust
Introducing one more degree of freedom into the aerofoil model, namely plunging and pitching
motions, dynamic response under a sharp-edged gust can be characterised by Equation (2.24).
Studied by Shams et al. in 2006, a similar aerofoil system featuring both plunging and pitching
motions undergoing a sharp-edged gust was solved analytically in [49]. In their study, there are
several constant dimensionless parameters as listed
χα = 0 rα = 0.5 V = 1 ūf = 1 a = 0,
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which means coincidence of the mid-chord, the shear centre and the gravitational centre. A con-
stant ratio was kept between the moment of inertia, sectional mass and pitching stiffness. Under
these parameters, four cases were studied. They are different in mass and advancing velocity.





and a mass parameter µ = m/πρb2, these four
conditions are listed here
Case 1: m = 0.0261 slugs/ft. Ua = 159.68 ft./s µ = 14 A = 0.0375
Case 2: m = 0.0261 slugs/ft. Ua = 106.37 ft./s µ = 14 A = 0.0845
Case 3: m = 0.0395 slugs/ft. Ua = 43.426 ft./s µ = 21 A = 0.3380
Case 4: m = 0.0392 slugs/ft. Ua = 21.851 ft./s µ = 21 A = 1.3350.
For these four cases, the aerofoil is stationary at the start and undergoes a unit step gust (sharp-
edged gust) from τ = 0 as written
wG(τ) =
 0 when τ < 01 ft. per sec. when τ > 0.
With zero initial conditions, all the unsteady airloads are taken into account via Wagner’s and
Küssner’s theories and dynamic responses of plunging and pitching motions are solved by a
Newmark-beta solver. Comparing with the results obtained by Shams et al., Figure 2.17 is plotted.
The present aerofoil model shows good agreement with the one developed in [49], therefore veri-
fies the application of Wagner’s and Küssner’s formulations in the current plunge-pitch numerical
model.
This 2D model can also be applied to the propeller-wing system. The 2D aerofoil model
represents a certain section of the wing span and gives an insight of the dynamic behaviour under
certain flight conditions. Taking the wing tip section of the wing-propeller system as an example,
the sectional parameter values are calculated as below.
m = 22.0864 kg/m Iα = 0.3595 kgm c = 0.6 m Ua = 128 m/s ūf = 1 χα = −0.163




Figure 2.17: Verification results showing alignment in comparison with [49] (a) Case 1 (b) Case 2
(c) Case 3 (d) Case 4
Although the wing span could be uniform in cross-sectional geometry, mass and inertia, stiff-
ness is varying with the span location. Here, the tip stiffness in plunging and pitching are calculated
by the cross-sectional inertia and the span location based on a tip-loaded cantilever beam. The dy-
namic behaviour of the tip wing aerofoil under a unit sharp-edged gust is plotted in Figure 2.18.
It shows under-damped transient behaviour of the system. In most cases with a cantilever wing,
the tip is where its maximum deflection occurs, which makes the examination of tip behaviour an
important one. If needed, the wing span can be split into finite pieces of aerofoil section, and each
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one of them represented by a 2D aerofoil model.
Figure 2.18: Wing tip plunging and pitching behaviour
As discussed earlier, a quasi-steady aerodynamic model can be applied to replace Wagner’s
model for investigating the transitional lift deficiency effect and non-circulatory effect. Figure
2.19, hence, is plotted based on results obtained by quasi-steady aerodynamic model and insta-
bility is shown. In fact, the prediction of the stability boundary can change with different aerody-
namic theories used. The same phenomenon was observed in Haddapour and Firouz-Abadi’s study
where they stated that quasi-steady aerodynamics gives a very conservative estimation of the flutter
boundary [83]. Hence, unsteady aerodynamic effects, such as non-circulatory loads, are playing
a significant role in the system studied. In Chapter 4, flutter prediction based on quasi-steady
aerodynamic and unsteady Theodorsen’s aerodynamics will be discussed and compared.
2.6 Conclusion
In this chapter, an efficient numerical aerodynamic model has been built specifically for analysing
responses of a 2D aerofoil. In the case of wing aerodynamics, strip theory, which integrates finite
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Figure 2.19: Wing tip plunging and pitching behaviour obtained by quasi-steady aerodynamics
sections of an aerofoil with infinitesimal length into a discrete wing, can be applied. For a wing
in a propeller-wing system, it has several airflow components induced by advancing flow and
propeller slipstream. Those simplified airflow velocity components can be taken into account
through different aerodynamic theories or combinations of them. In Table 2.2, the combinations of
theories are listed together with their functionalities. Starting with the simplest steady aerodynamic
Table 2.2: Combination of aerodynamic theories and their functionalities
Aerodynamic theory/combination Functionality
Steady aerodynamic theory Static steady-state response
Wagner’s + Küssner’s model Transient + Dynamic steady-state response
Wagner’s + Küssner’s +Sears’ model Dynamic steady-state response
Theodorsen’s aerodynamic theory Instability (flutter) prediction
theory, it is only applicable for analysing the static steady-state response. However, due to the
harmonic nature of propeller slipstream, the steady-state response would be a dynamic one. Quasi-
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steady aerodynamic theory mimics unsteady behaviour in a simplified way, however, it is proved
to be insufficient in considering non-circulatory effects and limits the flight instability boundary,
hence it is not included in Table 2.2. For a general dynamic response including transient and
steady-state behaviour, Wagner’s and Küssner’s models are the most versatile combination in time-
domain analyses. They consider lift deficiency transient as the AoA changes and non-circulatory
effects. At the same time, excited by any defined gust field, the full dynamic response of the
aeroelastic system can be obtained. The application of such aerodynamic model has been also
verified against literature examples. Meanwhile, a wing tip section based on the wing-propeller
configuration has been used for demonstration of the aerodynamic model. In cases when only the
steady state is of concern, Sears’ model can act as a short-cut to a solution. With sinusoidal gust
field remaining in the steady state, the system’s dynamic steady-state airloads can be formulated.
Lastly, Theodorsen’s unsteady aerodynamic theory is not ideal for time-domain analyses, however,
it is extremely suitable for predicting instabilities boundaries. Its application will be discussed




In the aeroelastic system, the structural dynamics of the wing play one of the main roles in the fluid-
structure interaction. Based on the wing parameters and their modal behaviours, how the wing
structure interacts with the aerodynamics can be analysed. In this chapter, the wing is simplified as
a cantilever beam. The structural equations are derived based on different beam theories, namely
the Euler-Bernoulli beam theory for a slender wing and the Timoshenko beam theory for a short
one.
Wings represented by the Euler-Bernoulli beam theory are very common for the analysis of
classical fixed-wing aircraft and rotor blades, as they are all slender structures. The assumptions
associated with Euler-Bernoulli beams are appropriate and sufficient for producing accurate re-
sults. For the case of a compound helicopter tip-loaded wing, however, having to provide lift,
secure tractor propellers in place and still maintain the compatibility of existing helicopter facili-
ties, the wing needs to be stiff and short. The effects of shear deformation and rotary inertia need
to be evaluated. Hence, a linear model based on the Timoshenko beam theory is more suitable for
characterising the wing’s structural behaviour for this compound configuration. In this chapter, the
equations of motion considering multiple modes of vibration, include beam-wise bending (flap-
ping), chord-wise bending (lead-lag) and torsion, under a pretwist angle are derived through the
Extended Hamilton’s Principle. These motions are generally coupled, unless the wing is designed
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with coincident shear and gravitational centres. At the same time, the coupling can bring notice-
able differences in the dynamic behaviour comparing to a pure bending or torsion. Therefore, with
the intention of investigating coupled aeroelastic behaviour, the modal properties of the coupled
structure are obtained through a numerical modal analysis tool developed based on the transfer ma-
trix method. In this chapter, this numerical approach is introduced and validated through analytical
expressions and past publications. This numerical approach is able to provide natural frequencies
and mode shapes with coupled motion, stiffness variation and any other cross-sectional property
changes along the span. Therefore, it is considered as a versatile and applicable method for various
of wing structures. At the same time, coupled mode shapes obtained by the transfer matrix method
can improve the model efficiency when solving the aeroelastic responses in the later stage.
The outline of this chapter is as follows: dynamic equations of motion for the short wing will
be derived based on the Euler-Bernoulli and the Timoshenko beam theories in Section 3.1 and
3.2. Before applying these theories to study the dynamic behaviour of the short wing, a numerical
modal analysis approach based on the transfer matrix method will be introduced and validated
against past publications in Section 3.3. Based on the developed approach, the short wing’s modal
behaviour will be studied and the most appropriate mathematical representation of the short wing
will be evaluated in Section 3.4.
3.1 Euler-Bernoulli beam model
When considering a semi-wing under beam-wise bending (h), chord-wise bending (v) and torsion
(α), it can be simplified as a clamped-free beam (cantilever) as shown in Figure 3.1.
Have x-axis coincident with the elastic axis, y-axis pointing towards the leading edge and z-
axis going down, the equations of motion can be obtained through solving the Lagrangian function















(δKE − δPE + δW )dt = 0 (3.1)
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Figure 3.1: Beam Model - Cantilever wing with flapping, lead-lag and torsion modes
As described in Equation (3.1), the Lagrangian function L is defined by KE which is the kinetic
energy of the system, PE which is the potential energy and W the virtual work done to the system
in the case studied. Zooming in on a section of the cantilever wing, a profile illustrated as Figure
3.2 is presented. With a built-in angle θ from the wing root, the total kinetic and potential energy
for the cantilever wing, considering flapping h, lead-lag v and torsion α, can be characterised.
Referring to the gravitational centre (GC) of the wing section, the kinetic energy can be written as

































where m is the sectional mass, Sα is the static unbalance and IGC is the polar moment of inertia
with respect to the gravitational centre. Similarly, by referring to the sectional properties defined

































where EIy and EIz are the bending stiffness defined in the y and z axis respectively, GJ is the
torsional rigidity defined at the shear centre (SC). Note that Iα = IGC +S2α/m is the polar moment




(Lhδh+ Lvδv +Mαδα) dx. (3.4)
After substituting Equation (3.2), (3.3) and (3.4) into Equation (3.1), the equations of motion in
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In the above expression, the modes of displacement h, v and rotation α are coupled through
static unbalance Sα and built-in pretwist θ. Static unbalance would only disappear if the structural
shear and gravitational centres coincide, but this is not usually a primary concern in aircraft designs
comparing to lift generation performances. Looking at pretwist angle θ, this built-in angle at root
is a common feature for rotor blades. Similar models involving three modes of vibration, therefore,
are commonly used in characterising the dynamic behaviour for rotor blades [60, 61, 89]. For its
application on fixed-wing configurations, any centrifugal terms presented in the formulation for
helicopter blades are eliminated [78]. A similar beam model representing a fixed-wing, however
with zero pretwist angle θ can be found in [90]. If this angle is taken as zero, lead-lag motion v can
be uncoupled in the system. In fact, as mentioned earlier in Section 2.4.3, this pretwist effect can
be taken into account aerodynamically as long as the relative angle between the resultant velocity
and the chord is maintained. Considered alternatively as a step-gust by Küssner’s aerodynamic
model, the pretwist angle can be taken as zero in structural dynamics resulting in a much simpler
formulation.
Another point to raise is that this thesis focuses on a much shorter and stiffer wing compared
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to a fixed-wing aircraft or rotor blades. Although Euler-Bernoulli beam theory has its proven
advantages in many structures, its prerequisites and assumptions should be re-examined. The
Euler-Bernoulli beam model assumes negligible shear deformation and the cross-sections staying
normal to the neutral axis as beam deforms. A slender beam would behave closely enough for those
assumptions to be true. As a beam gets shorter, the assumptions on zero shear deformation and
cross sections being perpendicular to the neutral axis would not be true. In the case of a short wing,
the contribution of the shear deformation effect is not clear, therefore should be evaluated. For this
purpose, other beam theories that consider those effects are to be introduced for comparison.
3.2 Timoshenko beam model
In the early 20th century, Timoshenko derived a beam theory that considers shear deformation
and rotary inertia effects for thick/short beams [91, 92]. As illustrated in Figure 3.3, instead of
assuming each cross-section to remain normal to the neutral axis, a Timoshenko beam allows
shear deformation between beam cross-sections.
Figure 3.3: Timoshenko beam and shear deformation flexibility
Taking the flapping motion as an example, Euler-Bernoulli beam assumes that the cross-sectional
rotation angle (ϕy) is equal to the bending slope (∂h∂x ). With shear deformation considered, Timo-
shenko beam allows a cross-section to rotate by an angle of ϕy − ∂h∂x . Therefore, the shear force S
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in which κy is the shear coefficient and the term κyGA is known as the shear stiffness. The shear
coefficient κy is dependent on the shape of beam cross-section. In many publications, shear coeffi-
cients for various of cross-sectional types were approximated if not specifically validated through
experimental results. Although most beams have an arbitrary cross-section, simplification can be
made in many cases. Shear coefficients for standard cross sections, such as rectangular, circular
and hollow shapes etc., can be found in [93]. In the case of a wing, it usually contains a thin-walled
shell, flanges and spars for support within. When considering a wing’s structural properties, it can
be simplified as a wing-box section, therefore a thin-walled box section is assigned. Recalling the
Extended Hamilton’s Principle introduced in the previous section, the equations of motion for a
Timoshenko beam, under three vibration motions, can be obtained similarly by solving the La-
grangian function L. With the same external loads, δW defined in Equation (3.4) remains the
same. By considering the inertia caused by cross-sectional rotation ϕy and ϕz, the kinetic energy












































Note that ρw is the density of wing, while ρwIy and ρwIz are the rotary inertia referring to the
bending motions in the y and z axis. While shear force and bending moments are defined as
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The derivation from the Lagrangian function L to the equations of motion is shown in Appendix
B. By solving the Lagrangian function L in each coordinate, the equations of motion for the Tim-
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The coupling between vertical bending h, lateral bending v and torsion α are caused by static
unbalance Sα and pretwist angle θ. As discussed in Section 2.4.3 and 3.1, pretwist angle brings in
structural coupling of all three vibration modes. Alternatively, the pretwist angle can be considered
aerodynamically resulting in the structural uncoupling of the lead-lag motion v, hence, a much
simpler formulation. Compared to the Euler-Bernoulli beam theory, the Timoshenko beam theory
allows rotary inertia and shear deformation to be considered. For the short and stiff wing of this
thesis, those effects can be evaluated through modal analysis. If rotary and shear effects would
affect natural modal behaviour, it is an indication of significant importance in the coupled system.
In the next section, analytical and numerical modal analysis approaches are to be introduced.
3.3 Modal Analysis
Modal analysis studies the natural frequencies and mode shapes of a system. It is useful itself for
analysis of the structural behaviour, at the same time, mode shapes can be used to solve forced
vibration responses. The modal properties can be analytically obtained for simple structures. The
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derivation is a standard procedure which can be accomplished by knowing the equations of motion
and the boundary conditions of a system [94]. The analytical approach starts with assuming simple
harmonic vibration modes. Based on the order of differentiation associated with the equations of
motion, the mode shape functions can be written in a general form with a number of constants.
Substituting the general solutions back into the equations of motion with boundary conditions, the
governing equations can be rearranged into a matrix form as AC = 0, in which C is a column vec-
tor containing all non-zero constants. The necessary and sufficient condition for non-zero vector
C is that the determinant of matrix A shall be zero [52]. Hence, the zero determinant detA = 0
gives the natural frequencies of the system. Accordingly, the vector C can be defined and the
mode shape function under this frequency can be obtained. For a system with multiple modes of
vibration, the vibration motions can be studied separately or as coupled. At the same time, both
analytical and numerical approaches are available for derivations. In this section, these approaches
are introduced for the application of coupled and uncoupled vibration motions.
When studying the uncoupled vibration motions by the Euler-Bernoulli beam theory, the coor-
dinates involved can be written as
h(x, t) = Θh(x)e
iωht v(x, t) = Θv(x)e
iωvt α = Z(x)eiωαt, (3.10)
where Θh, Θv and Z are mode shape functions for the flapping, lead-lag and torsional motions,
and ωh, ωv and ωα are the natural frequencies for flapping, lead-lag and torsion respectively. Since
flapping and lead-lag are bending motions in the beam along different axes, their modal behaviour
should be similar given the same boundary conditions. Since they are considered as uncoupled,
each mode shape function can be derived separately.
For a uniform Euler-Bernoulli beam under bending only, analytical expressions for natural
frequencies and mode shape functions can be found in standard reference textbooks, such as [52,
95]. A continuous system like a beam has infinite degrees of freedom, or modal vibration modes.
Regarding one specific mode, its natural frequency and mode shape function can be analytically
expressed with reference to its mode number j. So for the jth mode, the natural frequencies ωh(j)
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Θh(x, j) = Θv(x, j) = cosh(λjx)− cos(λjx)− σj[sinh(λjx)− sin(λjx)],
(3.11)
where λj and σj are the mode shape function coefficients defined as in Table 3.1. While for beam
Table 3.1: Mode Shape Function Coefficients
Mode 1 2 3 4 5
λjL 1.875 4.6941 7.8548 10.9955 14.1372
σj 0.73410 1.01847 0.99922 1.00003 0.99999
torsion, modal properties can be derived similarly by the analytical approach, resulting in














One important property of the mode shape functions (Θh(x, j), Θv(x, j), Z(x, j)) is that they are










 0 m 6= nL m = n.
The orthogonality conditions are very helpful when solving the forced response of a continuous
system, such as a beam. Another property is that mode shape functions are arbitrary scaled and can
be of any arbitrary magnitude as long as the pattern along the length of a beam is maintained. For
the analytical expression above, the magnitude is defined relative to the orthogonality condition
of these mode shape functions. Since these mode shapes are derived individually, when using
them to solve forced response of a coupled system, the displacement in each coordinate needs to
be solved separately. Therefore in the solution, if take θj(x) = Θh(x, j), ζj(x) = Θv(x, j) and




θj(x)fj(t) v(x, t) =
∞∑
j=1





where fj(t), pj(t) and zj(t) are the time-dependent functions that define the dynamic behaviour
of each vibration mode.
For a more realistic representation of a coupled system, it is possible to consider coupled mo-
tions with coupled mode shapes through an analytical approach. Banerjee developed the analytical
expression of coupled bending and torsional mode shapes for Euler-Bernoulli and Timoshenko
beams [96, 97]. His solutions cover the coupling of flapping and torsion motions, as well as cou-
pled flapping-lead-lag-torsion motions [90]. During modal analysis, the coordinates of interest are
rewritten with the coupled mode shape functions sharing one simple harmonic frequency. The ex-
act formulations can be found in [90, 96, 97]. Here, however, those analytical expressions are long
and complex, they are not primary concern of the thesis. For the application of analytically derived













Compare to Equation (3.13) which contains three time-dependent functions fj , pj and zj to be
solved, only one variable qj is involved in the case of coupled mode shapes. As more vibration
motions, such as shear deformation, are taken into consideration, coupled mode shapes can poten-
tially improve efficiency for the approach developed.
For simple systems, the analytical modal analysis approach is efficient and accurate. The cou-
pling motion brings complexity to the analytical derivation, hence a computational symbolic pack-
age is always needed. If possible, obtaining coupled mode shape functions without the complexity
constraints on the structural system can definitely benefit the modal analysis process for the short
wing structure in this thesis. In the next section, a numerical modal analysis approach based on
the transfer matrix method is therefore introduced, which is easier to manage and applicable for a
wider range of structures and variations in a system.
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3.3.1 Numerical transfer matrix method
Unlike the analytical approach, the numerical transfer matrix approach allows property changes
along the beam, including any variations of cross-sectional properties and hinge/spring connec-
tions between different segments on a beam. The procedure starts with the same assumption of
harmonic motions. However, a general form of the solution would no longer be needed. Instead,
the mode shape functions themselves can be rewritten into a state-space form as z′ = Az. Then,
with the exponential of matrix A, the state at any point of the beam or uniform segment can be
written as z(x) = eAxz(0). After this, the matrix equation can be rewritten in a homogeneous form
by applying the boundary conditions. Finally, with a column vector representing the non-zero
boundary conditions, the natural frequencies and mode shape functions can be obtained by solving
the zero determinant of the homogeneous equation.
Here, a simple case with Euler-Bernoulli cantilever beam bending is taken as an example. First
of all, the bending displacement h can be expressed in its exponential form as h(x, t) = Θ(x)eiωt







= 0 =⇒ −mω2Θ + EIyΘ
′′′′
= 0. (3.15)
Rearrange it into a state-space form, the equation is defined as











0 1 0 0
0 0 1 0
0 0 0 1
mω2/EIy 0 0 0

. (3.17)
For cases with other beam theories or coupled degrees of freedom, the basic format in Equation
(3.16) and its derivation in the following would still be applicable. The sizes and definitions of
matrices z and A however would differ. Based on Equation (3.16), the state vector z(x) at any
point of the beam can be obtained by the matrix exponential (z(x) = eAxz(0)).
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Generally, the boundary conditions are defined in the form of displacement Θ, bending slope
Θ′, bending moment M and shear force S. Therefore, the state vector z(x) needs to be modified
into an expression as ẑ(x), which contains the shear force S and bending moment M .











1 0 0 0
0 1 0 0
0 0 −EIy 0
0 0 0 −EIy

.
For a Euler-Bernoulli cantilever beam , the clamped end is constrained so that there is zero
displacement and zero bending slope. While for the free end, there is no bending moment or shear
force. The boundary condition hence can be written as
ẑ(0) = {0, 0,M(0), S(0)}T ẑ(L) = {Θ(L),Θ′(L), 0, 0}T . (3.19)
Combining Equation (3.18), (3.19) and the matrix exponential equation (z(L) = eALz(0)), the




 where T =
 0 0 1 0
0 0 0 1








Since {M(0), S(0)}T is a non-zero vector, yet the necessary and sufficient condition for a so-
lution is that the determinant of transfer matrix TDeAlD−1R shall be zero. As the transfer matrix
is a function of the harmonic frequency ω, the natural frequencies can be found. Accordingly, with
each known natural frequency, Θ(x) at any point of the beam can be obtained. The mode shape
function under this natural frequency is, therefore, formulated. However, this method would rely
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on the direct and efficient computational procedures for matrix exponential. Fortunately, the ma-
trix exponential is available as standard function routines in many commercial packages and open-
source problem-solving environments, such as MATLAB [98], GNU Octave [99], Scilab [100] and
many others.
When it comes to cantilever beam with non-uniform cross-sectional properties along its span,
a numerical representation of multiple uniform segments connecting together can be used. With
the transfer matrix approach, the boundary conditions are naturally compatible between each seg-
ment. As illustrated in Figure 3.4, a transfer matrix based on the function of matrix exponential is
sufficient to characterise a non-uniform beam by connecting discrete uniform beam segments.
Figure 3.4: Segments to represent non-uniform beam cross-sections
z(x5) = eA5L5eA4L4eA3L3eA2L2eA1L1 z(0). (3.21)
By satisfying the boundary conditions, the system can be solved as a homogeneous equation
and modal properties can be obtained. With the added complexity of the structural system, the
numerical approach demonstrated is still relatively easy to manipulate. Hence, it is not limited to
cases with Euler-Bernoulli beam theory or a cantilever beam. Based on the equations of motion,
the method can be used to consider any beam bending or torsional theories, such as the Timoshenko
beam theory, the Rayleigh beam theory and the Vlasov beam theory, to analyse effects brought by
shear deformation, rotary inertia and warping. In the following section, the numerical approach is
verified against established analytical expressions and the results reported in past publications.
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3.3.2 Validation
In order to validate the modal analysis approach formulated in Section 3.3.1, analytical theories
and past results focusing on analytically derived coupled modes are investigated in this section.
The validation covers pure bending based on Euler-Bernoulli beam, the coupled flapping-torsion
motion based on Euler-Bernoulli beam and Timoshenko beam and the coupled flapping-lead-lag-
torsion motion based on Euler-Bernoulli beam. This is to test the approach’s capability for consid-
ering multiple coupled vibration modes, rotary inertia, shear deformation and warping effects.
Cantilever beam bending
In most cases, uncoupled beam bending vibration can be characterised analytically. As previously
discussed, mode shape functions and their corresponding frequencies can be analytically formu-
lated for Euler-Bernoulli beam under pure bending as Equation (3.11). For validation, a uniform
Euler-Bernoulli beam with clamp-free end conditions, with Young’s modulus of 200 GPa, length
of 0.3 m, a width of 0.02 m, a height of 0.01 m and mass density of 7960 kg/m2, is analysed.
With the governing Equation (3.15), the analytically derived natural frequencies and mode shapes
are compared with the ones obtained from the transfer matrix method. In Table 3.2 and Figure
3.5, natural frequencies and mode shapes are shown. The natural frequencies derived are in very
Table 3.2: Comparison of theoretical and transfer matrix derived natural frequencies
Mode No. Analytical theory (Hz) Present approach (Hz) Percentage difference
1 90.53 90.54 0.011%
2 567.41 567.41 0.000 %
3 1588.77 1588.75 0.001 %
close proximity of 0.01%. For mode shapes, two methods give the same pattern of magnitude
distribution. This is because eigenvectors are not vectors filled with absolute values, instead it is
arbitrarily scaled and only demonstrates the relative magnitude between each element. As long as
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(a) Anyalytical mode shapes (b) Transfer matrix derived mode shapes
Figure 3.5: Mode shape validation between analytical and numerical approaches
the ratio between each point and vibration modes are the same, it is considered as an agreement.
The modal assurence criterion between Figure 3.5 (a) and (b) is at 99.9%. A good agreement,
hence, is observed between the analytical and the numerical approaches, proving the validity and
confirming the correct formulation for pure bending Euler-Bernoulli beam in the modal analysis
tool developed.
Coupled flexural-torsional vibration
When there is coupling between bending and torsional motions, coupled flapping-torsional modes
can be considered. From the point of view for understanding coupling effects, coupled flapping-
torsion modes can give a better insight into the system’s modal behaviour. If solely looking at
determining forced-vibration responses, the results given by coupled and uncoupled modes are
not going to be are not going to be very different. This is because the forced response consists
of two parts, namely the mode shape function and the time-dependent variable. The differences
between uncoupled and coupled mode shapes will be corrected by their time-dependent variables.
It does not mean that the coupled modes are meaningless in solving forced-vibration responses.
The coupled modes bundle up multiple mode shape functions to one time-dependent variable,
which optimises numerical efficiency when solving forced-vibration responses. Coupled modes
were studied in the past, however, the application for obtaining aeroelastic response is still limited.
Mostly, the coupled motion is studied for analytical derivation and its use on the investigation
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of warping effects. In this section, the transfer matrix method is used to solve coupled modes
numerically and they are compared with the analytical derivations accordingly.
Banerjee first derived the analytical formulation for coupled bending-torsion modal frequencies
and shape functions in 1999 [96]. The analytical expression is lengthy and complex, whereas if
derived from the transfer matrix method, minimal mathematical derivation is needed. The example
parameters used is demonstrated as
EIy=9.75×106 Nm2 GJ=9.88×105 Nm2
m=37.75 kg/m Iα=8.65 kgm2/m Sα=6.795 kgm/m l=6 m.
The governing equations can be obtained from Equation (3.5) with zero pretwist angle θ and by
removing the lead-lag coordinate. The governing equations then can be processed through the
transfer matrix method, resulting in modal frequencies and shapes as illustrated in Figure 3.6.
While the present transfer matrix method gives two natural frequencies at 48.31 rad/s and 97.35
rad/s, natural frequencies given by Banerjee [96] are 49.6 rad/s and 97.0 rad/s, resulting in differ-
ences as percentage within 3% overall. This confirms validity of the developed tool for solution of
coupled flapping-torsion motion with the Euler-Bernoulli beam theory. Since the capability of the
present transfer matrix method is not limited to any beam theory, combinations of other theories
considering more structural effects are demonstrated in the following.
Figure 3.6: Coupled mode shape functions (Bending —; Torsion - - -; Results by [96] ×)
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In Bercin and Tanaka’s work [101], coupled flexural-torsional vibration with a thin-walled
beam is considered through an analytical approach. In this case, rotary inertia and shear deforma-
tion effects are considered using the Timoshenko beam theory. Warping effect was also introduced
as the cross-section studied is an open section. The beam parameters are given as
m=0.835 kg/m EIy=6380 Nm2 Iα=5.01×10-4 kgm2/m l=0.82 m Sα=0.012943 kgm/m
κyGA=4.081×106 N GJ=43.46 Nm2 ρwIy=2.51×10-4 kgm2/m EIω=0.10473 Nm4.
Coupled bending-torsion is studied through the numerical modal analysis based on the transfer
matrix method. The governing equation can be obtained by a zero pretwist angle θ, removing the









































The underlined term characterises the warping effect, and can be removed to exclude consideration
of warping. Accordingly, matrices z, A and D as discussed in Section 3.3.1 can be obtained. The
results computed are shown in Table 3.3. The transfer matrix method gave results for natural fre-
quencies in good agreement. As for mode shapes, the case with the application of the Timoshenko
beam with warping consideration are illustrated in Figure 3.7 and 3.8. Note that the bending slope
and torsional mode shapes are multiplied by the offset distance between the gravitational centre
and the shear centre (Sα/m) in order to compare directly with the flapping displacements. A good
representation is also shown for relation of different motion and their coupling in each mode.
To summarise, the transfer matrix method developed is capable of producing reliable results
for coupled flexural-torsional motion, given the validation against analytical and literature results.
Coupled modes can be used to investigate structural effects, such as coupled motion or warping.
For the case of flapping, lead-lag and torsion, potentially these three modes of vibration can be
coupled together. In the next section, coupled flapping-lead-lag-torsion modes are studied.
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Table 3.3: Comparison with [101] by derived natural frequencies of transfer matrix
Timoshenko beam (Hz) Timoshenko beam + warping (Hz)
Mode no. From [101] Present model Diff. % From [101] Present model Diff. %
1 63.39 62.34 1.85 63.51 63.51 -
2 129.34 129.89 -0.42 137.39 137.39 -
3 259.22 259.22 - 275.82 275.82 -
4 415.72 418.89 -0.93 481.10 481.10 -
5 607.29 605.21 0.34 639.76 639.75 -
Figure 3.7: First five mode shapes derived for configuration in [101] via the transfer matrix method
(Flap —– ; Bending slope - - - ; Torsion -·-·-·)
Lateral-vertical bending with coupled torsion
As for the case of coupled flapping-lead-lag-torsion motion, the same numerical approach as de-
scribed in Section 3.3.1 can be applied. In this section, analytical expressions for coupled motion
derived by Banerjee and Su [90] are compared with results obtained from the numerical transfer
matrix method to validate the procedure developed.
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Figure 3.8: Mode shapes snapshot for the first five modes from case study demonstrated in [101]
Banerjee and Su developed the analytical expressions for modal analysis of three coupled mo-
tions, namely flapping, lead-lag and torsion [90]. Both flapping and lead-lag motions were char-
acterised by the Euler-Bernoulli beam theory. In the structural model discussed in Section 3.1 and
3.2, a symmetric aerofoil is assumed. This assumption makes the shear centre and the gravitational
centre aligned with the aerofoil chord, and there is a zero vertical offset between them. Under zero
pretwist angle, the only static unbalance is caused by the lateral offset between the shear and
gravitational centres. In Banerjee and Su’s work, an asymmetric cross-section is assigned. The
gravitational centre hence has a vertical offset to the shear centre, creating another static unbalance
between the lead-lag and torsion. In this section, both lateral and vertical offsets are considered,


































The vertical and lateral static unbalances are denoted as Syα and S
z
α respectively here. With param-
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eters given below, the developed method’s capability dealing with these three coupled motions can
be investigated [90].
m = 0.261 kg/m Iα = 1.242e-4 kgm GJ = 1.352 Nm2 l = 1 m
Syα = 2.722e-3 kgm/m S
z
α = 2.372e-3 kgm/m EIy = 1637.09 Nm
2 EIz = 286.53 Nm2.
Processed by the transfer matrix method, the modal frequencies and shape functions are obtained
and illustrated in Table 3.4 and Figure 3.7. As shown in Table 3.4, the natural frequencies are ex-
actly reproduced, giving percentage difference all within 0.1%. As for mode shapes, a comparison
is illustrated in Figure 3.9 showing agreements in shape patterns as well as relative magnitude be-
tween each mode of vibration. The torsional mode shapes are multiplied by the distance between
the gravitational centre and the shear centre in order to compare directly with bending displace-
ments.
Table 3.4: Comparison of [90] and transfer matrix derived natural frequencies
Mode No. Results from [90] (rad/s) Present approach (rad/s) Diff. %
1 109.36 109.43 0.06
2 176.64 176.67 0.02
3 338.84 338.91 0.02
4 489.56 489.59 0.01
5 751.41 751.62 0.03
As more vibration modes are included, the structural system gets more complex. For the trans-
fer matrix developed, the size of matrices z, A and D would grow, the actual procedures, however,
stay the same. Comparing to any analytical approach, additional mode of vibration means addi-
tional terms for the general solution. Through symbolic derivations, added terms would naturally
increase the complexity of analytical formulation itself. One of the main advantages of the transfer
matrix method, therefore, is its numerical efficiency. The benefit is more obvious when structural
system gets more complex. With validity proved for the transfer matrix modal analysis, the modal
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(a) Results obtained by present model (b) Results from [90]
Figure 3.9: Mode shapes based on transfer matrix method and analytical method for configuration
in [90](Flap -·-·-·; Lead-lag - - - ; Torsion —–)
behaviour of the short wing within propeller-wing configuration is to be studied and analysed in
the following section.
3.4 Modal study of compound helicopter wings
At this stage, the modal analysis is validated and ready to be applied onto the short wing structure
for this thesis. The modal analysis, however, is not just to investigate the modal behaviour of the
wing. More importantly, it is also to understand effects brought by motion coupling, shear defor-
mation and rotary inertia. The aim is to find the most suitable beam theory or combination of theo-
ries to represent the short wing structure in the propeller-wing configuration. In this section, modal
analyses results derived from different beam theories and degrees of coupling are demonstrated
and compared. It is important to note that the mode shape function does not affect significantly
the forced dynamic response solution. This is because mode shapes are all relatively standard pat-
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terns. With a set of weighting factors for each mode, they constitute the forced-vibration response.
A different mode shape function, either coupled or uncoupled, will only result in a different set of
weighting factors rather than a drastic change in the forced-vibration response itself.
Table 3.5: Estimated wing structural parameters
E=69×109 Pa G=27×109 Pa m=22.0864 kg/m J=1.8063×10-5 m4
Iy=5.2862×10-6 m 4 Iz=1.0745×10-4 m4 b=0.3 m θ=0 deg χα=-0.163 a=-0.277
ρw=2720 kg/m3 A=0.00812 m2 κy=0.80 κz=0.05 Iα=0.3594 kgm2/m
In this thesis, an estimated wing configuration was used. The cross-sectional and structural
parameters are estimated based on publications and verification studies shown in Appendix C.
The finite semi-wing is 2.5 m in length (l = 2.5 m) and has a uniform sectional profile along the
span. The aerofoil section can be simplified as a thin-walled box section, the structural properties
involved in this analysis are listed in Table 3.5. These parameter values are calculated in Patran
beam library with an estimated aerofoil profile, which can be found in Appendix C. Meanwhile,
a modal analysis strategy is developed as illustrated in Figure 3.10. With the aid of Equations
(3.5) and (3.9), the investigation starts with analyses on uncoupled flapping and torsion motions
as they are the two key coordinates of interests in wing aeroelasticity. Under the pure flapping
motion, two beam theories are compared and the effects of shear deformation and rotary inertia
will be evaluated. Followed by a modal study of coupled flapping-torsion motion, the coupling
effect can be quantified and analysed. The coupling between flapping and torsion is introduced by
static unbalance from the gravitational centre offset, therefore, cannot be eliminated. The flapping
and torsional motions, hence, should definitely be taken into consideration as a whole. Moving
onto the lead-lag motion (lateral bending), its pure uncoupled motion is firstly considered under
two different beam theories similar to the analyses carried out on the flapping motion. As lead-lag
motion is uncoupled from the system via zero pretwist angle θ = 0. Whether or not to consider
this motion with other coordinates is discussed then and the most suitable representation for the
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Figure 3.10: Modal analysis strategy
short wing can be obtained.
3.4.1 Flapping-torsion modal study
Firstly, the pure flapping motion is studied. Static unbalance Sα is ignored in the formulation, and


































The natural frequencies and mode shapes can be obtained both analytically and numerically. Since
the numerical approach is based on the transfer matrix method have been validated, a numerical
approach is used here. Following the procedures demonstrated in Section 3.3.1, the detail deriva-
tion can be found in Appendix D. The modal analyses results are obtained and listed in Table 3.6.
For cantilever beam bending, the mode shape functions are of standard shapes regardless of beam
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Table 3.6: Flapping modal frequencies based on two beam theories




theory used, hence they are only illustrated as basic patterns. Between the Euler-Bernoulli and the
Timoshenko beam theories, the differences given on natural frequencies are small. Even though
the difference increases with higher frequencies, these values are still similar, which indicates a
minimal shear deformation and rotary inertia effects in the flapping direction. The lack of shear
deformation and rotary inertia contribution is reasonable in the flapping motion. In fact, beam
theories are 1D structural models. When viewing the short wing from the aircraft front, the slen-
derness can be defined by the ratio between the beam length and the aerofoil height. The beam is a
slender one from this point of view, hence does fulfil assumptions under the Euler-Bernoulli beam
theory. The Euler-Bernoulli beam theory is much simpler and efficient to deal with numerically,
therefore, it is better suited for characterising bending behaviour in the flapping direction.
Unlike bending motions, the torsional motion does not have many variations in mathematical
models. Aerofoil simplified as a thin-walled box has a closed cross-section, therefore, warping
effects are eliminated. When ignoring the coupling effect from flapping motion, the governing








Following the same modal analysis procedures, either analytically or numerically, natural frequen-
cies and mode shape functions can be obtained. Through the numerical approach introduced in
Section 3.3.1, the modal properties are shown in Table 3.7. Combined with the flapping modal
behaviour in Table 3.6, the structure would resonate at 11.51 Hz and 71.60 Hz for bending, 116.48
Hz for torsion, followed by 201.90 Hz for bending again, if the system is perfectly designed with
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Table 3.7: Torsion modal frequencies and shapes




uncoupled flapping and torsional motion. In reality, however, flapping and torsion are coupled
through static unbalance Sα. With the transfer matrix approach, the coupled modal behaviour can
be analysed and the significance of coupling in the present system can be revealed. Recalling
the coupled equations of motion, Equations (3.5) and (3.9), the coupled flapping-torsion system
is characterised by setting θ to be zero and removing v and the equations of motion for coupled

























































The above expression can be employed in the numerical transfer matrix modal analysis discussed in
Section 3.3.1. The size of z, A and D may vary from case to case, yet the general procedures related
to handling of those matrices stay the same. The natural frequencies and mode shapes, therefore,
are obtained as listed in Table 3.8 and Figure 3.11 respectively. Note that, in order to compare
directly the flapping and torsional displacements, flapping displacements are nondimensionlised by
half chord length as ξ = h/b. When comparing between the Euler-Bernoulli and the Timoshenko
beam theories, similar level of difference is observed as before, which further confirmed the choice
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Table 3.8: Coupled flapping torsion modal frequencies based on two beam theories






of the Euler-Bernoulli beam theory for flapping. On the other hand, the underlined terms are the
torsion-governed modes at 126.50 Hz (or 126.49 Hz) and 377.68 Hz (or 372.64 Hz) while the rest
are flapping-governed modes. If compared with pure flapping and torsion, one can see that the
flapping motion maintains most of its modal behaviour for flapping-governed modes. The torsion-
governed modes, however, are shifted from 116.48 Hz to 126.50 Hz (or 126.49 Hz), also from
349.45 Hz to 377.68 Hz (or 372.64 Hz). Giving a percentage difference around 8%, making the
coupling effect a significant one to the overall structural dynamics regardless which beam bending
theory is used.
As discussed previously, modal analysis not only gives an insight into the modal behaviour of
the system, it is also of importance to investigate the most suitable representation of the structural
system. With very little differences between the Euler-Bernoulli and the Timoshenko beam derived
results, for this particular specification of the wing studied, the most suitable representation so far
is a coupled flapping-torsion system with Euler-Bernoulli defined vertical bending.
3.4.2 Lead-lag motion modal study
Compared to flapping and torsion, lead-lag motion is a relatively less coupled mode of vibration
occurring in the wing structure, therefore, it can be preliminarily studied in an uncoupled fashion.
Lead-lag, also known as lateral bending, is very similar to flapping in many ways. In principle,
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(a) Derived by Euler-Bernoulli beam theory (b) Derived by Timoshenko beam theory
Figure 3.11: Coupled flap-torsion mode shapes comparison between Euler-Bernoulli and Timo-
shenko beam theory (ξ —— ; α - - -)
they are both bending behaviour, hence, they both can be characterised using the Euler-Bernoulli
or the Timoshenko beam theory. The only difference is the direction or coordinate defined and the


































This expression is identical to the pure flapping equations if one replace v with h and z with y,
showing that these are in theory the same motion in different directions. Based on cross-sectional
properties in the lead-lag coordinate, the modal frequencies and mode shapes can be obtained un-
dertaking the numerical transfer matrix approach. The Euler-Bernoulli beam based transfer matrix
formulation can be found in the previous example demonstrated in Section 3.3, and the Timo-
shenko beam based transfer matrix formulation is described in Appendix D. In Table 3.9, natural
frequencies derived from the Euler-Bernoulli and the Timoshenko beam theories are listed. For
lead-lag motion, the Timoshenko beam theory gives a smaller value for natural frequencies com-
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Table 3.9: Lead-lag motion modal frequency based on two beam theories
Euler-Bernoulli beam (Hz) Timoshenko beam (Hz) Diff. %
51.87 42.05 23.35
325.09 155.62 108.90
paring to the case of a Euler-Bernoulli beam, but a much greater difference is observed relative to
the discrepancy in flapping. This indicates a dominating effect brought by shear deformation and
rotary inertia in the lead-lag motion. Mode shapes at these two frequencies for Euler-Bernoulli
and Timoshenko beam are plotted in Figure 3.12. Note that the lead-lag displacements are shown
in its dimensionless form ν = v/b in order to make a direct comparison with the bending slope
dv/dx and the section angle of rotation ϕz. The lead-lag mode shapes are fairly similar in both
cases, however, the angles of rotation dv/dx for the Euler-Bernoulli beam and ϕz for the Timo-
shenko beam are very much different. As discussed in Section 3.2, the Timoshenko beam allows
(a) the Euler-Bernoulli beam (ν —— ; dvdx -·-·-·) (b) the Timoshenko beam (ν —— ; ϕz -·-·-·)
Figure 3.12: Lead-lag 1st and 2nd mode shapes derived by Euler-Bernoulli beam and Timoshenko
beam theories
the rotation of cross-section relative to the neutral axis while the Euler-Bernoulli beam assumes
perpendicularity. To characterise this, the angle of rotation ϕz is defined relative to the vertical axis
as illustrated in Figure 3.3. This is also to say that if the beam behaves like a Euler-Bernoulli beam,
ϕz and dv/dx should be the same, or at least similar. Whereas in Figure 3.12, ϕz is not similar
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to dv/dx at all and has a much smaller relative displacement value across the span. Physically
speaking, it means that cross-sections across the span are significantly deformed due to shear and
it confirms a strong presence of the shear deformation and rotary inertia effects. If looking at the
short wing from above, the aspect ratio for the beam is defined by the wing semi-span length and
the aerofoil chord, in which case the wing is not slender and resembles towards a plate. The shear
deformation and rotary inertia effects, therefore, are within expectation much stronger than in a
slender beam. To conclude on the short wing of such specification, the lead-lag motion is better
suited to be characterised by the Timoshenko beam theory due to the strong presence of shear and
rotary inertia effects.
3.4.3 Coupled flapping-lead-lag-torsion modal study
With zero pretwist angle (θ=0), Equation (3.5) can be simplified, for the lead-lag motion to be
independent of the coupled flapping-torsion motion. The same also applies to Eqaution (3.9).
Based on the previous modal studies, it is established that flapping and torsional motion can be
analysed by the Euler-Bernoulli beam theory in a coupled fashion, while for lead-lag motion, the














































As already discussed, the developed transfer matrix approach tool allows combination of three
modes of vibration to be considered as one system. If all coordinates can be considered under one
modal frequency, the overall numerical efficiency for solving forced-vibration responses can be
improved. The practicality for including lead-lag motion into the coupled flapping-torsion motion
is discussed in this section. Overall, there are four general coordinates involved, bending (h) in
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the vertical direction is coupled with torsion (α) while lateral bending (v) and shear deformation
(φz) forms another coupled pair. Two coupled systems can be studied combined or separately
by the numerical approach introduced in Section 3.3.1. The natural frequencies from the two
approaches are listed in Table 3.10. The underlined terms are the lead-lag governed modes. The
Table 3.10: Uncoupeld and coupled lead-lag modal frequencies comparisons







identical results obtained shows that the lead-lag motion does not affect any modal behaviour of the
flapping-torsion system. Instead of studying two coupled systems separately, it is very convenient
that all natural frequencies can be captured within one combined system.
As for mode shapes, they are illustrated in Figure 3.11(a) and Figure 3.12(b) if studied sepa-
rately. When considered combined, Figure 3.13 illustrated mode shapes obtained from the com-
bined approach. Both flapping and lead-lag motions are shown in their dimensionless forms as
ξ and ν respectively in order to make a direct comparison with the torsional displacement α. At
lead-lag governed modes (42.05 Hz and 155.62 Hz), however, the lead-lag mode shapes showed
zero magnitude in displacement along the span. Instead, flapping motion appears to be much more
significant. This certainly does not represent the actual modal behaviour under these frequencies
in reality. The combined approach hence should be reconsidered. In theory, natural frequencies
and mode shape functions are eigenvalues and eigenvectors of a homogeneous equation and the
derivation of eigenvector starts with assuming unity for one of the vector elements. In the nu-
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Figure 3.13: Coupled flap-torsion-lead-lag motion mode shape derived by developed tool based on
transfer matrix method (Flap -·-·-·; Lead-lag - - - ; Torsion —–)
merical process of the transfer matrix method, the flapping displacement is assumed unity in the
eigenvector derivation. Since lead-lag motion is structurally uncoupled with flapping, under lead-
lag governed modes, any assumption in the flapping would not reflect onto the lead-lag motion.
The mode shape function for lead-lag motion cannot be solved in this case. This points out one of
the prerequisites for obtaining valid coupled mode shape function. The vibration coordinates need
to be structurally coupled. Under the current parameters for the short wing in the propeller-wing
configuration, the lead-lag motion is not structurally coupled with flapping and torsion. The modal
analysis, therefore, should separate these two coupled systems, one with coupled-flap-torsional
motion and the other with Timoshenko lead-lag motion.
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3.5 Conclusion
In this section, basic beam theories for characterising the short wing in a propeller-wing configura-
tion have been firstly introduced, namely the Euler-Bernoulli and the Timoshenko beam theories.
Based on three modes of vibration (flapping, lead-lag and torsion) considered, the equations of
motion with those vibration modes and coupling between them have been obtained through the
Extended Hamilton’s Principle. To determine which theory or combination of these theories are
the most suitable representation of a short wing structure in this thesis, modal analyses have been
carried out. Instead of using analytical formulations, a numerical approach based on the trans-
fer matrix method has been developed and validated against past literature. The transfer matrix
method showed advantages in terms of versatility and simplicity when dealing with structural cou-
pling at various levels. Utilising the developed modal analysis, contributions of shear deformation,
rotary inertia and structural coupling effects have been characterised under the short wing in the
present study. Neglecting coupling effect, a percentage difference of 8% was found in torsional
natural frequencies, which makes the coupling between flapping and torsion motion a significant
contribution to the overall structural dynamics. Regarding the lead-lag motion, it is structurally
uncoupled for the specification considered here. However, due to the ratio between the chord and
a short span length, shear deformation and rotary inertia dominate the classical beam behaviour,
resulting in at least 23% difference between natural frequencies. A coupled Euler-Bernoulli beam-
based flapping-torsional motion with a separate Timoshenko beam-based lead-lag has been there-
fore found to be the most suited for the short wing under this specification. To integrate with the
aerodynamic model discussed in Chapter 2, the dynamic responses can be obtained now. The in-
tegration of aerodynamics and structural dynamics will be discussed in the next chapter and the
derived mode shapes from the transfer matrix method as illustrated in Figure 3.11 (a) and Figure
3.12 (b) will be used as a standard basis in obtaining solutions for forced-vibration responses.
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Chapter 4
Aeroelastic Instability and Numerical
Application
In Chapters 2 and 3, aerodynamics and structural dynamics were studied separately. In structural
dynamics, the interaction between elastic and inertia forces are studied and the system’s behaviour
in motion displacements, velocities and accelerations under excitation can be characterised by a set
of governing equations. Aerodynamic loads, at the same time, are directly dependent on motion
displacements, velocities and accelerations. For structures subjected to aerodynamic loads, exter-
nal loads can change their motion behaviour, in turn, motions can further define external loadings.
This interaction between fluid and structure is termed aeroelasticity. It also means that, in a fluid-
structure coupled system, the participation of aerodynamics will change the mass, damping and
stiffness behaviour comparing to a pure structure system and it can lead to instabilities resulting
in catastrophic consequences. The integration of the aerodynamic model and the structural model,
hence, needs to be considered in the early stages of aircraft design specifying the range of fea-
sibility and stability boundaries. Before solving the dynamic response of an aeroelastic system,
those instabilities under certain flight conditions need to be discussed. In this chapter, the sectional
2D aerodynamic model and beam-like wing model are combined and developed into the complete
aeroelastic model. The static and dynamic instabilities in aeroelasticity are firstly introduced on
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a 2D aerofoil model used in Chapter 2 and then extended onto the beam-like model developed in
Chapter 3. The reliability of such instability analyses is verified through benchmark case studies
from the literature. Another important application of the aeroelastic model is to predict dynamic
responses for the aeroelastic system. Numerical algorithms for the aeroelastic solution are also dis-
cussed and applied. Finally, the different capabilities of the model are verified against the literature
results.
In this chapter, the aeroelastic instability will be discussed on a 2D aerofoil example, the wing
tip sectional model of the short wing, the Goland wing and the short wing itself. Starting with
the static instability phenomenon, a 2D aerofoil model will be used to demonstrate the scientific
principle and the analytical derivation for divergence in Section 4.1.1, and the wing tip section
model on the short wing will be investigated analytically for its divergence boundary. In Section
4.1.2, a dynamic aeroelastic phenomenon, flutter, will be introduced and a numerical approach
based on the p-k method will be built and validated against benchmark examples, followed by an
investigation of the dynamic stability boundary for the wing tip section of the short wing. Ex-
tending the stability studies onto the beam-like model, divergence and flutter behaviour on finite
wings will be discussed in Section 4.2. Within Section 4.2, the Goland wing example [29] will
be used to validate the numerical approach and the application of coupled mode shapes will also
be introduced. Lastly, investigation of the aeroelastic stability boundary will be carried out on the
short wing structure from the propeller-wing configuration.
4.1 Instabilities on aerofoil model
4.1.1 Static aeroelasticity - Divergence analysis
Recalling steady aerodynamic theory and the sectional aerofoil model discussed in Section 2.2 and
2.5, a simple aeroelastic model in steady flow can be built. As illustrated in Figure 4.1, an aerofoil
attached to translational and rotational springs, representing stiffness in the plunging and pitching
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motion, is presented. In steady aerodynamics, the steady lift and moment are dependent on the
Figure 4.1: Aerofoil under aerodynamic forces
angle of attack αAoA, which is a function of the pitching displacement α and its initial condition




2CLαAoA(0.5 + a) = kαα, where αAoA = α(0) + α. (4.1)
Mac is the steady aerodynamic moment, ρ is the air density, Ua is the flow approaching velocity,
b is the half chord length, CL is the lift coefficient, a is the dimensionless measure for the offset
distance between the shear centre and the gravitational centre and kα is the discrete spring stiffness






kα − ρU2ab2CL(0.5 + a)
. (4.2)
Regarding the denominator in Equation (4.2), the difference between kα and ρU2ab
2CL(0.5 + a)
can be treated as the effective torsional stiffness of the aeroelastic system. Pitching stiffness kα
comes from a torsional spring, hence, has a non-zero and relatively fixed value. ρU2ab
2CL(0.5 + a)
is the gradient between pitching angle and pitching moment, which can also be considered as the
stiffness introduced aerodynamically. When there is a change in pitching angle α, the restoring
moment from the spring kα always needs to be equal to or larger than the aerodynamic pitching
moment to maintain a stable system, hence, stability can be expressed mathematically as kα ≥
ρU2ab
2CL(0.5 + a). A critical situation, when the denominator (effective stiffness of the system)
becomes negative, is a static instability phenomenon in aeroelasticity called divergence. For a
given aerofoil geometry, flight conditions need to be defined carefully, especially the advancing
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2CL(0.5 + a), (4.3)






At this critical speed, any perturbation to the system will develop into an increment of pitching
displacement until structural failure. For the given wing geometry, the structure can only operate
below this critical velocity. On the other hand, the aerodynamic stiffness is also highly dependent
on the aerofoil geometry. When a ≤ −0.5, which indicates that the shear centre is positioned
forwards of the aerodynamic centre, Equation (4.4) becomes invalid. The effective stiffness, how-
ever, would always be larger or equal to kα and therefore stability is ensured. Thanks to linearity
between pitching angle and pitching moment, as well as U2a and aerodynamic stiffness, the diver-
gence boundary can be predicted when only limited information about the system is available, also
without any destructive experiment. For more details about divergence, one can refer to books by
Hodges and Pierce [52], Fung [84] and Wright and Cooper [102].
Recalling the sectional aerofoil model for wing tip on the short wing discussed in Section 2.5.3,
the estimated aerofoil parameters related to a divergence study are listed as
kα = 1.9508×105 Nm ρ = 1.225 kg/m3 c = 2b = 0.6 m a = -0.277 CL = 2π.
The critical divergence velocity can be computed for Equation (4.4) and it is found that the static
instability would happen at UD = 1123.76 m/s. This is a velocity beyond the subsonic assump-
tion. However, the result showed that, in the subsonic regime, the aircraft will not encounter any
divergence. The critical condition will be further confirmed with the numerical stability analysis in
later sections. As for the wing tip, it has the least elastic torsional stiffness. The comparison with
aerodynamic stiffness, hence, becomes crucial and static stability can be insured when operating
within subsonic regime.
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4.1.2 Unsteady aeroelasticity - Flutter analysis
Instability phenomena also exist in unsteady aeroelastic behaviour. When applying quasi-steady
or unsteady aerodynamic theories to the aerofoil model, the structural dynamics and unsteady























The LHS of Equation (4.5) describes the structural dynamics of the system, while the RHS
of Equation (4.5) quantifies the aerodynamic loadings. The damping matrix C is introduced here
and the damping parameters are taken as zero (ch = cα = 0), as the structure considered has no
damping present. The vector for the Faero forcing varies with the aerodynamic theory used. Re-
calling aerodynamic theories discussed in Chapter 2, a general format, however, is shared amongst













 Ca = 2πρbUa
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No matter which aerodynamic theory is applied, the general solution for all the degrees of freedom
can be assumed. One can write u in time domain as
u = ūest =
 h̄ᾱ
 est , where st = (λω + iω)t, (4.7)
λ is the damping/decaying parameter and ω is the harmonic frequency. Recalling all the unsteady
aerodynamic theories studied in Section 2.4, the characterisation of aerodynamic loadings com-
monly features the dimensionless time τ and reduced frequency k. For compatibility and a better
understanding of the aeroelastic model, the general solution above can be modified as
u = ūepτ , where pτ = (λk + ik)τ and k = ωb/U∞. (4.8)










ū = 0. (4.9)
For a non-trivial solution of ū to exist, the determinant of the square matrix in the front must be
set to zero. Within that expression, structural and aerodynamic matrices are filled with known
parameters for a given geometry and flight condition. Hence, the characteristic roots can be solved
and are typically two pairs of complex conjugates as
p1 = λ1k1 ± ik1 and p2 = λ2k2 ± ik2. (4.10)
The sign of damping factor λ and reduced frequency k would give an insight into the dynamic
behaviour pattern, showing which instability can be discovered. For the damping factor λ, it is
possible to have a value that is larger than zero, equal to zero or less than zero. And the reduced
frequency k can be larger than zero or equal to zero. As shown in Figure 4.2, the damping param-
eter λ gives a converging pattern when it is negative, a standard sinusoidal wave when it equals to
zero and a diverging pattern when it is positive. Accordingly it means that when λ < 0, stability
is ensured, the stability boundary is for λ = 0 and instability is present when λ > 0. Meanwhile,
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Figure 4.2: Solution pattern when λ < 0 (- - -) , λ = 0 (—–) and λ > 0 (·-·-·)
the reduced frequency k is a much more straightforward concept. When k > 0, this indicates an
unsteady behaviour. When k = 0, static behaviour is present. From [52], the type of motion and
stability based on values of λ and k is illustrated as in Table 4.1.
Table 4.1: Types of motion based on λ and k values [52]
λ k Type of motion Stability characteristics
< 0 = 0 Continuous converging Stable
= 0 = 0 Time independent Stability boundary
> 0 = 0 Divergence Unstable
< 0 > 0 Converging oscillation Stable
= 0 > 0 Simple harmonic Stability boundary
> 0 > 0 Diverging oscillation (Flutter) Unstable
In the case when λ > 0 and k > 0, the system is an unsteady aeroelastic instability called
flutter and the stability boundary at λ = 0 and k > 0 is the flutter boundary. Physically speaking,
during flutter, the restoring resistance from the structure is less than aerodynamic energy feeding
into the system, hence a negative damping is present. The energy input results in the aerostructure
to vibrate with increasing amplitude until structure failure happens.
As discussed in Section 4.1.1, for a given aerofoil geometry, flight conditions need to be defined
carefully to avoid divergence happening. This is mainly controlled by the advancing velocity and
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the critical value, which is also the maximum velocity a given geometry allows, can be obtained.
This is similar in the unsteady instability regime. For a given aerofoil geometry, finding the critical
velocity representing the flutter boundary is the key in any flutter analysis.
There are many methods for analysing flutter: p-method, classic flutter analyses method, k-
method and p-k method. They are different in the way dynamic motions are assumed. The deriva-
tion discussed previously in this section falls into the p-method. It assumes complex exponential
motion as in Equation (4.8). With this assumption, both the damping and the frequency can be
monitored for the different flight conditions studied. The damping and frequency behaviour gives
insights into the stability margin as well as the physical mechanism that causes instability. With this
information, one can attempt to eliminate the instability. On the other hand, unsteady aerodynamic
theories like the Theodorsen’s theory are derived based on simple harmonic motion in incompress-
ible flow. The technique has also been proven adequate under subsonic conditions. Having to
consider amplitude variation of the oscillatory motion for the unsteady aerodynamic theories be-
comes inefficient. The classic flutter analysis and k-method, therefore, assume the general motions
to be simple harmonic. The classic flutter analysis process is similar to the p-method described
above, but assumes simple harmonic motion as u = ūeiωt. It is not difficult to point out that
classic flutter analysis method is then not capable of analysing the system’s damping behaviour.
k-method is developed by introducing damping participation, and this is done by manually adding
in dissipative structural damping terms in the classic flutter analysis. Discussion, however, about
the inappropriate assumption of simple harmonic motions would need consideration. Detailed ex-
planations and comparisons of those methods can be found in [52,102]. For flutter analysis in this
chapter, the p-k method is used. It is an efficient and accurate flutter analysis approach widely used
by aeroelasticians in aircraft designs. It assumes generic motions as exponential functions for the
inertia and elastic forces and combines with simple harmonic motion assumption in the unsteady
aerodynamic model.
Unlike other flutter analysis approaches, different assumptions are made for structural dynam-
ics and aerodynamic loads in p-k method. For the LHS of Equation (4.5) where structural be-
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haviour is described, it is assumed that
u = ūepτ where pτ = (λk + ik)τ and k = ωb/U∞. (4.11)
The structural part then becomes






C and Ks = K. (4.12)
Whereas for the aerodynamic loadings Faero, a simple harmonic motion is assumed as u = ūeikτ .
The aerodynamic loading terms, therefore, can be integrated as a function of reduced frequency k.






Ca + Ka (4.13)
Combining Equation (4.12) and (4.13), governing equations for the flutter analysis are obtained as
[
p2Ms + pCs + [Ks − A(ik)]
]
ū = 0, (4.14)







s [Ks − A(ik)]
 pūū
 .
At a given advancing velocity U∞, the analysis starts with assuming an initial k, which defines
the initial aerodynamic loadings A(ik). The eigenvalues p can be solved and come as complex
conjugate pairs. Convergence would lead to the solution of eigenvalues p, in which one of the
imaginary parts should be equal to the input k. It normally takes a few iterations to find the true
value of k. Therefore, the imaginary part of p is an input as the new k into A(ik) and is used again
to solve the eigenvalues. This process is repeated until the input and output k agree with each other,
and the corresponding real part of the eigenvalues indicate the damping property at the given U∞.
By mapping out the damping and reduced frequency k at each velocity, instabilities can be found
when damping reaches zero, which physically means aerodynamics keep feeding energy into the
structure without any available damping, causing the system to resonant. In a special case when
both damping and frequency are at zero, this leads to a static instability termed as divergence. In
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other cases when the damping reaches zero but the frequency is not at zero, it is the phenomenon
known as flutter. At this point, the frequency is called flutter frequency and the corresponding
velocity is called critical flutter velocity. With the same approach, the divergence boundary can
also be obtained by setting k to zero. This would bring p to zero and C(k) to unity. Recalling
Equation (4.14), the same eigenvalue problem is formed. Inputting different advancing velocity,
the critical divergence velocity can be obtained when determinant of [Ks − A(ik)] reaches zero.
2D flutter model validation
An example case study carried out by Hodges and Pierce [52] and Shams et al. [49], with parame-
ters listed below, is presented in the following to demonstrate the validity of the 2D flutter analysis
model:
m = 1 slug Iα = 1.606 slug.ft2 a = −0.2 xα = 0.1 c = 5.18 ft
kh = 100 lbs per ft kα = 1003.75 ft.lb/rad ρ = 0.002378 slug/ft3
The imperial units were used in [49], hence, the same unit system is applied here. The results
are reproduced and compared against [52] in Figure 4.3. Damping factor λ/ωα and dimensionless
frequency ω/ωα are plotted against dimensionless velocity U∞/ωαb. As shown, the present model
gives a good agreement with the results obtained in [52]. Note that the eigenvalues obtained from
the p-k method are symmetrical to the horizontal velocity axis (complex conjugate), therefore only
the stable or the negative part is compared in the figure shown. The critical flutter velocity and
frequency are defined at the speed where the damping factor reaches zero. According to Figure
4.3, it is when dimensionless velocity U∞/ωαb is at 2.2. The root under this condition gives
a dimensionless frequency ωF/ωα of 0.65. Translating the dimensionless parameters back into
physical space, flutter will occur at a velocity of 141 ft./s and the oscillation is at 2.6 Hz.
The same analysis procedures can be applied to the sectional wing-tip model discussed earlier
in Section 2.5.3. The damping factor and dimensionless frequencies can be computed along with
a range of advancing velocities, and Figure 4.4 can be plotted. It is clear that the damping factor
reaches zero as the dimensionless velocity goes towards 3.8. In the physical space, the critical
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Figure 4.3: Damping and reduced frequency against dimensionless velocity based on case studied
in [52]
flutter velocity is at 849.3 m/s. Under this flutter condition, the frequency is reported as 0.42
dimensionlessly which physically means the system will oscillate at a frequency of 49.6 Hz. This
further confirmed the feasibility of flight condition studied, which is at an advancing velocity of
128m/s. Inputting k as zero, the divergence boundary can be investigated for the wing-tip model.
Figure 4.4: Flutter analysis on wing-tip sectional model for the short wing configuration given in
Table3.5
Under a range of advancing velocities, the static aeroelastic system is analysed and the determinant
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of matrix [Ks − A(ik)] is mapped accordingly. As illustrated in Figure 4.5, the critical velocity is
found at 1123.76 m/s, identical to the critical velocity defined analytically in Section 4.1.1.
Figure 4.5: Divergence velocity on wing-tip sectional model for the short wing configuration given
in Table3.5
4.2 Instabilities on wings
In the case of propeller/wing configuration, an aerofoil section model cannot take into account
variation in airflow velocity and pressure distribution along the wing span. At the same time,
a sectional aerofoil model does not show continuity within the structure. A beam-like model
described in Chapter 3, on the other hand, is able to numerically represent wing structures under
various beam theory assumptions. It can be numerically discretised into several aerofoil segments
of infinitesimal length. Sectional aerodynamic theories, hence, can be applied to characterise lift
and moment locally. The integration of these two models is the core for simulating aeroelastic
behaviour of propeller-wing configurations. In this section, the integration of the beam model
is briefly discussed first and the attention is mainly focused on static and unsteady aeroelastic
instability based on the beam model. Similar to the sectional model, instabilities in the flapping
and torsional direction will be discussed. Lead-lag motion, on the other hand, is uncoupled from
the other motions structurally and aerodynamically. Furthermore, the lead-lag motion has a much
higher bending stiffness. It is, therefore, not a crucial element in the energy feeding loop here.
The stability study, hence, only considers coupled flapping and torsional motion. As demonstrated
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previously, the divergence boundary can be obtained through unsteady instability (flutter) analysis
if manually setting k to zero. A stability analysis approach, hence, is developed numerically, taking
consideration of both divergence and flutter. On the other hand, the analytical derivation for wing
divergence is eliminated.
Recalling the modal analysis discussed in Section 3.3, the flapping and torsional motion dis-








With θj and ηj obtained through modal analysis developed in Section 3.3.2, the unknowns left to be






















Equation (4.15) can be substituted to the above expression, the coupled flapping-torsion motion,



























In order to discretise the continuous system into its modal space, Galerkin’s method is applied
by integrating modal shape functions along the wing span, and the governing equation can be







+ Ku = Faero, (4.16)
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in which the mass, damping and stiffness matrices are defined as
M =






























In comparison to the 2D sectional flutter model, the system is presented featuring mode shape
functions derived from modal analysis, and the matrices sizes are dependent on the number of
modes considered. Subscripts i and j are integers which run through the number of modes and
indicate element positions in the sub-matrices. If taking Nf modes of flapping and Nz modes of
torsion into consideration, the mass, damping and stiffness matrices would have (Nf + Nz) rows
and (Nf +Nz) columns, whereas vectors u and Faero would have a single column with (Nf +Nz)
rows. Based on the formulation from Theodorsen’s theory, the aerodynamic lift and moment can








































Accordingly, the aerodynamically defined mass, damping and stiffness matrices are of the same
size as the structural matrices M, C and K. Applying the p-k method assumptions onto the
aeroelastic system, general exponential (u = ūepτ ) and simple harmonic motion (u = ūeikτ ) are
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assigned to the structural and aerodynamic terms respectively. Following the derivation procedures
described by Equations (4.12), (4.13) and (4.14), the eigenvalue problem can be formed. Flutter
analysis proceeds as discussed Section 4.1.2, the damping and reduced frequency can be mapped
out at each given advancing velocity.
For wing flutter, the Goland wing is a classic example to validate against and has been used in
a number of publications [29, 59, 68, 103–106]. An example is shown here to validate the present
wing flutter model with the Goland wing parameters and the parameter values are listed as
m = 35.72 kg/m Iα = 8.6469 kgm EIy = 99772200 N/m2 GJ = 987600 N/m2
a = −0.34 xα = −0.2 c = 1.829 m L = 6.096 m ρ = 1.225 kg/m3
Starting by obtaining the modal frequencies and shape functions, uncoupled analytical mode shapes
as described in Equation (3.11) and (3.12) are implemented initially here. The damping factor and
frequencies can be obtained and are plotted for a range of advancing velocities in Figure 4.6. As il-
Figure 4.6: Wing flutter analysis based on uncoupled bending and torsional modes for the Goland
wing
lustrated, when considering one bending and one torsional modes, the damping factor reaches zero
when the aircraft is advancing at 136.81 m/s, and this velocity defines the critical flutter boundary.
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Accordingly, at the critical flutter velocity, the flutter frequency is found to be 11.1 Hz (70 rad/s),
which matches with the results reported in [29, 59, 68, 103–106]. As Goland reported in [29, 68],
the exact flutter velocity was found at 137.25m/s. Results from the present uncoupled model give
an error of only -0.32%. This error can be contributed by the number of discrete data point, as well
as the number of beam element considered in the structural model. In the next section, the coupled
modal functions are used and the error involved reduces significantly. As for mapping the damping
and frequency at each advancing velocity, a good agreement can also be observed between results
given by the present wing flutter model and [59]. In Reference [29, 59, 68, 103, 104, 106], bending
and torsion motion mode shapes were studied separately and implemented in the flutter analysis.
Therefore, Figure 4.6 is also obtained by using uncoupled bending and torsion mode shapes in
Equation (4.12) and (4.13).
4.2.1 Coupled modes in aeroelastic stability analysis
Bending and torsion are, however, structurally coupled due to offset between shear and gravita-
tional centres (xα = −0.2). As discussed in Section 3.3.1, the numerical transfer matrix method
can consider coupled modes which contain different vibration motions at one harmonic frequency
and give a more realistic representation of the system’s modal behaviour. With parameters of a
Goland wing, the coupled modal frequencies are found at 7.7 Hz, 15.2 Hz, 38.8 Hz and 55.3 Hz
by numerical modal analysis tool developed. The same coupled frequencies were also obtained
by Berci and Cavallaro in [59] using NASTRAN’s FEM, however, not implemented in his flutter
model. This, however, further confirms the feasibility and accuracy the transfer matrix method
can afford. On the other hand, Banerjee developed CALFUN which is a flutter analysis software,
programmed in FORTRAN, using normal mode method and generalised coordinates to compute
the flutter speed of an aircraft wing based on its structural and aerodynamic data [105]. The nor-
mal mode method is similar to the transfer matrix method described earlier in Section 3.3.1 and it
considers coupling effects between modes of vibrations. Flutter analysis on Goland wing was car-
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ried out by CALFUN in [105]. Flutter velocity and frequencies obtained, however, are not much
different in comparison to results obtained by uncoupled modes. Theoretically, this is the expec-
tation, because the solution process essentially resembles standard patterns which are the modal
shape functions. As long as those shape functions satisfy with the boundary conditions given, their
choice will not affect the stability boundary. More importantly, however, coupled modes bundle
multiple vibration modes with one time-dependent function, reducing the number of unknowns in
the already complex analysis. Hence the initiative of implementing coupled modes is to improve
numerical efficiency and the application of coupled modes into stability analysis is discussed in
this section.
Implementing coupled modes does not change the procedures of flutter analysis described by
Equation (4.12), (4.13) and (4.14). The only term that would be different is the vector u as
for uncoupled modes: h =
Nf∑
j=1
θj(x)fj(t) and α =
Nz∑
j=1









 qj(t), hence u =
 [qj(t)]Nq×1[qj(t)]Nq×1.
 .
During the solution process, qj of the same mode can easily be rearranged and summed up together.
This may reduce the number of unknowns and improves numerical efficiency for the computational
process. For the case of Goland wing, when implementing two coupled modes (7.7 Hz and 15.2
Hz) derived from transfer matrix method, the damping and frequency plots are shown in Figure 4.7.
The system damping reaches zero at 137.29 m/s. Under this condition, the wing would oscillate at
11.1 Hz. Giving similar flutter velocity and identical frequency comparing to the uncoupled case, a
good agreement between Figure 4.6 and 4.7 is clearly presented. Comparing to the flutter velocity
of 137.25m/s reported by Goland [29], an error of 0.03% was involved, making the coupled model
much more accurate than the uncoupled one.
With the instability analysis approach developed, the flutter and divergence boundary can be
found for the short wing in the propeller-wing configuration. Recalling the estimated wing’s prop-
erties in Table 3.5, it is shown as
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Figure 4.7: Wing flutter analysis based on coupled bending-torsion modes for Goland wing
Table 3.5: Estimated wing structural parameters
E=69×109 Pa G=27×109 Pa m=22.0864 kg/m J=1.8063×10-5 m4
Iy=5.2862×10-6 m 4 Iz=1.0745×10-4 m4 b=0.3 m θ=0 deg χα=-0.163 a=-0.277
ρw=2720 kg/m3 A=0.00812 m2 κy=0.80 κz=0.05 Iα=0.3594 kgm/m.
Three coupled modes, covering two bending-governed and one torsion-governed modes, are
included. The damping factor and reduced frequency can be plotted at each advancing velocity
as in Figure 4.8. As velocity goes towards 800m/s, damping is approaching zero. If zooming in
between 750 m/s and 850 m/s, one can find the flutter velocity at 784.7 m/s. Under this condition,
the wing structure would vibrate at a frequency of 71.6 Hz. Flutter occurs at a smaller velocity
comparing to results obtained by the 2D sectional model, however, the difference between these
two results lies within 10%. Consideration of beam integrity certainly affects the results, and
the wing tip sectional model is not representative for the whole wing’s dynamic behaviour. The
difference could be introduced by how the structural coupling and the degrees of freedom are
considered in a 2D aerofoil model and a beam-like model.
The aerofoil model can represent a typical section on a finite wing and is appealing for its
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Figure 4.8: Wing flutter analysis based on coupled bending-torsion modes for the short wing
physical simplicity. The rigid assumption across wingspan, however, may lead to unreliable flutter
results. From the aerofoil to the beam model, the scope is to develop a more realistic mathematical
representation for the structure itself which leads to more realistic flutter calculations. According
to [52], the present-day industry practice for aeroelastic instability uses both full FEM models as
well as beam models with FEM-derived modes. As discussed earlier, the transfer matrix method
derived modes have a similar level of realism compared to FEM derived modes. It is demonstrated,
in this section, that beam model flutter analysis featuring coupled modes can be performed in a
relatively simple way while still maintaining a good level of realism and the approach produces
reliable flutter results.
If inputting k to be zero, the divergence boundary can be found. Since divergence is based
on torsional motion, three coupled modes were considered in order to include the first torsion-
governed mode. Shown in Figure 4.9, the critical divergence velocity is found at 1123.97 m/s
as determinant of matrix [Ks − A(ik)] reaches zero. Comparing to stability results obtained by
sectional model, the critical divergence velocities are found to be identical. This is due to the simple
physical mechanism behind this phenomenon. The wing tip is naturally the least structurally stiff
section along the whole span, as divergence itself is about balancing between the structural and
aerodynamic stiffness, the wing tip sectional model is crucial and representative for the whole
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Figure 4.9: Divergence boundary for the short wing
wing span.
4.3 Conclusion
A numerical procedure for aeroelastic stability has been developed in this chapter. By implement-
ing the static and unsteady aerodynamic theory, Theodorsen’s model, a sectional aerofoil model
has been first built. With the 2D model, static and dynamic instability phenomena are introduced
and analysed. Validation has been carried out based on a similar aerofoil case reported in Hodges
and Pierce [52] and Shams et al. [57], followed by a demonstration of the model on a short wing tip
aerofoil. Extending by considering the overall motion coupling for the cantilever wing, the beam-
like model developed in Chapter 3 has been integrated together with frequency domain strip theory.
The extended model has been validated against published results for Goland wing. Application of
uncoupled and coupled modes in flutter analyses has been compared based on Goland wing. Both
applications gave good agreement, -0.3% for uncoupled modes and 0.03% for the coupled modes.
The advantage of the considering coupling effects has been proven as it gives a much closer result
compare to the exact solution. With the confidence of a validated method incorporating coupled





With the completion of the aerodynamic model in Chapter 2, the structural model and modal
analyses in Chapter 3 and the instability studies in Chapter 4, all the building elements towards a
solution of the dynamic response are discussed. In this chapter, all these elements are integrated
together and a solution process, featuring results and procedures covered in previous chapters, is
introduced. Starting with integrating loading results from the aerodynamic model into the beam-
like representation for the short wing, an explicit time-marching scheme is proposed for obtaining
the dynamic response for the aeroelastic problem. Coupled modes derived by the transfer matrix
method are also incorporated into the solution process. Just as with all finite element methods, a
convergence study strategy is also discussed, considering the number of modes, size of the iterative
time step and the choice of algorithm parameters. With the solution process defined, the complete
aeroelastic solver is able to give a reliable solution for the dynamic response for the short wing
under propeller influences.
For the outline of this chapter, in Section 5.1, an aeroelastic model is developed combining
the aerodynamic and the structural models developed in Chapter 2 and 3 and a solution strategy
towards obtaining the dynamic response is proposed. In order to obtain reliable and accurate
results, a convergence study scheme is introduced in Section 5.2. The complete aeroelastic solver
is then validated under different flight conditions with literature examples in Section 5.3. With
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the confidence of the complete aeroelastic solver, the dynamic response for the short wing under
propeller inflow is obtained in the time domain in Section 5.4.
5.1 Aeroelastic model integration and solution strategy
Introduced in Chapter 3, the displacements considered here are functions of span length and time.
As dimensionless time τ and displacements (ξ, ν, α) are used, modifications of the time derivatives
are needed. As for a wing, a cantilever beam is a continuous structural system and has infinite de-
grees of freedom. With the aid of modal analysis approach discussed in Section 3.3, the continuous
behaviour of the system can be discretised into finite number of modes, each representing a mode
shape that satisfies the boundary conditions. As discussed in Section 3.4, coupled flapping-torsion
with separate lead-lag motion is considered for the aeroelastic system presented and the governing

















































In the dimensionless domain, time τ = U∞t/b, flapping displacement ξ = h/b and lead-lag























ξ̈ −GJα′′ = Mα.
(5.1)
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The mode shapes are functions of span/beam length. Through modal analysis, certain standard
shapes which satisfy the boundary conditions are derived and associated with different natural
frequencies. In the solution of forced responses, these standard shapes are the basic functions
which are used to define the actual response. Hence, the only unknowns are the time-dependent
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ηj q̈j − Sα
U2∞
b
θj q̈j −GJη′′j qj
]
= Mα.
When combining with the aerodynamic loadings along with estimated mode shapes, a general
matrix form of the governing equations can be obtained
Mü + Ku = F, (5.3)
where M and K are the mass and stiffness matrices respectively, u and F are time-dependent
displacement and loading vectors. The sizes of those matrices are dependent on the number of
modes considered. When considering Nq modes for coupled flapping-torsional motion and Np for
lead-lag motion, the sizes for M and K are (2Nq + 2Np)× (2Nq + 2Np). The column vectors, u
and F, are of (2Nq +2Np)×1. The exact expressions for these matrices are displayed in Appendix
E.
Vector F contains the external loadings in each coordinate Lh, Lv and Mα in their generalised
form, while loading Lh, Lv and Mα consist of aerodynamic lift, drag, propeller weight and any
133
moment introduced on the elastic axis. Taking a lift-drag ratio of 1
10
, drag is calculated based on
circulatory lift LC and Lg. If considering all general loadings within F, it can be written that




(LC + Lg) + Fthrust,
Mα = MC +MNC +Mg +Mtip.
Recalling the aerodynamic model developed in Chapter 2, LC , LNC , Lg, MC and MNC are the
aerodynamic loadings derived from analytical theories.
An explicit approach is used here for defining aerodynamic loads and structural responses.
Within aerodynamic loads, however, non-circulatory effects are taken into account implicitly.
Non-circulatory loads are induced by attached virtual mass (apparent mass) due to acceleration
of surrounding fluid particles, which has an instantaneous effect. Explicit approximation for non-
circulatory loading terms may result in numerical instability and affect the number of modes that
can be taken into account for aeroelastic solutions. The non-circulatory terms, hence, are isolated
from the general loading F. Equation (5.3) can be rearranged as
Mü + Ku = MNCü + KNCu + F. (5.4)
Detail expressions of these matrices can be found in Appendix E.
Recalling time-domain aerodynamic loadings formulated by Wagner’s and Küssner’s models
in Section 2.4.1 and 2.4.3 with the recursive algorithm applied for optimisation, one can point
out that Lh and Mα are functions of structural displacements and their rates of change against
time. The time integration of the structural and aerodynamic model follows a strategy as shown
in Figure 5.1. To start with, aerodynamic loads are first formulated based on initial structural
conditions {ξ, v, α}τ=0 = {ξ0, v0, α0}. According to Equations (2.5), (2.8) and (2.13), the initial
aerodynamic lift can be formulated as
LC(0) = −2πbρUaφ(τ)[Uaα0 + U∞ξ̇0 + U∞(
1
2
− a)α̇0] and Lg(0) = 0.
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+ a)LC(0) and Mg(0) = 0.











Proceeding to the first iteration, the initial loads will give a new structural status {ξ1, v1, α1} to











can be recursively updated through analytical expressions of the
Wagner’s and the Küssner’s functions. At this point, entering the next iteration, the updated loads
F1 can again be applied to update the structural status {ξ2, v2, α2}. At each iteration step, aero-
dynamic loads are determined by the previous status of the system, including aerodynamic and
structural states. Then the loads are used to predict the structural displacements, velocities and
accelerations for the next iteration step using the Newmark-beta algorithm [88]. As ∆τ marching
along the timeline, dynamic behaviour of the system can be captured.
Figure 5.1: Solution strategy for aerodynamic and structural model iterations
Having a numerical formulation of the aerodynamic and structural models, a solution needs to
be obtained in the time domain. For the topic of fluid-structure interaction, there are many studies
in different fields looking into the efficient approach to obtain accurate solutions. In this case, an
explicit Newmark-beta approach [88] is used to solve the aeroelastic response. The Newmark-beta
approach is very commonly used for structural dynamic applications and requires relatively low
computational efforts, which is suited for a simplified model like ours. The aeroelastic system in
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Equation (5.3) is solved using the Newmark-beta algorithm to obtain the displacement vector u.
The key computational settings in this method are the β and γ parameters. β defines the veloc-
ity and acceleration assumptions during the integration and γ defines whether there is numerical
damping introduced to the system. These two parameters are investigated here and the most effi-
cient is selected to perform the analyses. Another important parameter in the time integration is the
time step. Convergence analyses relating to iteration time step are also performed and discussed in
the next sections.
5.2 Convergence study strategy
Just as with all finite element methods, the number of nodes/elements included in the study directly
lead to the discussion of reliability and accuracy. In this case, the number of modes to be included
Nq and Np can strongly affect the model output reliability and accuracy. At the same time, the
selection of parameters and time step for numerical methods determine the error involved and the
computational effort needed. For the study presented, following the strategy illustrated in Figure
5.2, a steady-state condition is taken into account for a convergence analysis against the number of
modes and the iterative time step. The latter is always compared with the smallest period present in
the analyses, as evaluated from the modal natural frequencies and the propeller frequency. More-
over, the β parameter used in the Newmark-beta algorithm is compared, considering two basic
types, corresponding to constant acceleration and linear acceleration methods [88]. Constant ac-
celeration method takes β to be 1/4, which means when predicting velocity and displacement for
the next point, acceleration is constant over the time step. On the other hand, linear acceleration
which takes β to be 1/6 considered a linear variation within the iterative time step [88]. In the study
present, the steady-state amplitude for each motion is compared to evaluate convergence condition.
Also, a margin of 5% for differences in results between two successive iterations is set to be satis-
factory fora preliminary design tool. Convergence analysis will be demonstrated in detail later for
obtaining dynamic responses for a short wing under propeller inflow. The following steps will be
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Figure 5.2: Convergence study strategy
followed:
1. Firstly, fixing time-step size to be 1/10 of the smallest period involved in the analysis. This
is determined within all the natural frequencies involved and the propeller blade passing
frequency. Cases with different values of Np and Nq are compared. When increasing the
number of modes, the steady-state amplitude is approaching its true value. The values of Np
and Nq are studied separately by taking into account a fixed number of modes in the other
coordinates.
2. As for the number of modes used in the numerical process, another convergence study is
carried out to study the impact of different time steps on the numerical results. This analysis
is performed using [Np, Nq] values obtained in the first step.
3. Step 1 and Step 2 repeat in alternation until convergence is reached
5.3 Aeroelastic response solution verification
As discussed in Sectrion 1.1.2, aeroelastic simulations featuring beam-like structure and 2D aero-
dynamic theories were used to predict dynamic responses of fixed wings under different flight
137
conditions before. Therefore, some of the results can be reproduced for verification of the present
model. The nonlinear aeroelastic response of a continuous beam system was studied by Shams et
al. in 2008 using a similar numerical approach [57]. Two examples were investigated, one with
geometrically uncoupled bending and torsional motion and the other with geometrically coupled
bending-torsion motion. Both cases were initially excited by a 0.2 m bending disturbance at the
beam tip. As for the uncoupled case, a cantilever wing of length l = 16 m is featured. The cross-
sectional aerofoil has a chord length of c = 1 m. The mass and polar inertia per span are m = 0.75
kg/m and Iα = 0.1 kgm2/m respectively. At the same time, the shear centre coincides with the
gravitational centre (Sα = 0 kgm) and the mid-chord point (a = 0). In the bending direction, a
stiffness of EI = 2× 104 Nm2 is present. As for torsion, the torsional stiffness is at GJ = 1× 104
Nm2. The air density for the flight condition is at ρ = 0.0889 kg/m3. The aircraft advances at
U∞ = 30 m/s and relatively the flow is approaching uniformly across the whole span ūf = 1. The
parameter values are summarised as below
l = 16 m c = 1 m m = 0.75 kg/m Iα = 0.1 kgm2/m a = 0 Sα = 0 kgm
EI = 2× 104 Nm2 GJ = 1× 104 Nm2 ρ = 0.0889 kg/m3 U∞ = 30 m/s ūf = 1.
A linear Euler-Bernoulli beam model with the Wagner’s aerodynamic theory is solved to re-
produce the pre-flutter behaviour of the nonlinear model by Shams et al. and results are obtained
by the present model and demonstrated in Figure 5.3. Any external loadings can be taken into
the generalised coordinates. However, in the case of examples by Shams et al., an initial bending
disturbance of 0.2 m is present. Due to the discretisation of several natural modes, it is difficult to
specify how the initial displacement is distributed between these natural modes without knowing
the contribution of each natural mode to the total displacement. However, it is known that the first
natural mode would be the most significant compared to the rest. The initial disturbance, hence,
can be imposed only onto the first bending mode. It might not be a realistic representation of
the physical reality, however, can be easily tuned to match the reality condition. Alternatively, an
equivalent step load can be applied to settle the system at a 0.2m bending displacement and then
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removing the step load to represent the actual physical initial conditions of the case studied. These
two means of considering initial conditions are discussed in the coupled example as there is a very
obvious difference. Here in this example, the former approach is applied.
Figure 5.3: Agreement in aeroelastic responses derived from present model and results from [57]
One point to bear in mind is that Shams et al. studied nonlinearity of the aeroelastic system
while the present model is based on linear systems. Therefore, the results are not expected to
be identical, but should be similar. As illustrated in Figure 5.3, the overal pattern is similar for
both torsion and bending displacements. However for the torsional motion, an initial difference of
37.5% is observed. Eventually the difference settled at 1.2%. The differences are contributed by
two main factors. One is that Shams studied nonlinearity of the system, while this study ignored
nonlinear effects. Secondarily, the Shams’ results were digitalised from published figures, and the
digitalisation accuracy is highly sensitive to the quality of the figure.
Another example with coupled bending and torsion motion is also presented in [57] with pa-
rameter values listed as
l = 1 m c = 1.83 m m = 19.6 kg/m Iα = 2.75 kgm2/m a = −0.2 Sα = 7.17 kgm
ūf = 1 EI = 159 Nm2 GJ = 1039 Nm2 ρ = 1.225 kg/m3 U∞ = 30 m/s.
This is to verify the capability of considering the coupled motion for the present model. In the
solution in [57], all mode shapes were based on uncoupled analytical expressions and solved in an
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uncoupled fashion. The mode shapes are found at natural frequencies as listed in Table 5.1. On
the other hand, the coupled modes can be computed via the transfer matrix method discussed in
Chapter 3, natural frequencies and mode shapes can be found as displayed in Table 5.2 and Figure
5.4. It is clear that a strong coupling between bending and torional motions is present. Both
Table 5.1: Uncoupled natural frequencies from [57]
Bending 1.59 Hz 9.99 Hz 27.97 Hz
Torsion 4.86 Hz 14.58 Hz 24.30 Hz
Table 5.2: Coupled natural frequencies derived from the example parameters in [57]
Coupled motion 1.52 Hz 7.65 Hz 17.36 Hz 25.20 Hz 29.99 Hz
Figure 5.4: Coupled mode shapes based on parameters from [57] ( Bending —; Torsion - - - -)
uncoupled and coupled solver are applied and compared hereè. This is to investigate the coupling
effect as well as to demonstrate capability of the present model. As illustrated in Figure 5.5,
uncoupled solution shows good agreement with aeroelastic response result by Shams et al. [57].
Solutions derived from coupled bending-torsion modes are shown in Figure 5.6. The plots
exhibit differences from ones solved by uncoupled mode shapes. In the steady state, results from
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Figure 5.5: Agreement in aeroelastic response results between uncoupled model and [57]
both solvers settled at zero. Theoretically, mode shapes are specifically derived for describing tran-
sient behaviour under excitations, the loadings and stiffness terms relating to the steady state of the
system would stay unchanged. To emphasise the difference, transient responses up to 4 seconds of
flapping and 2 seconds of torsion are displayed here. Comparing with results obtained from uncou-
pled modes, the coupled flapping appears to settle slower, hence, showing more damping. While
for coupled torsional response, it experiences more oscillation in the transient period with larger
overshoot, hence, showing less damping. This is most likely caused by a different mechanism of
energy distribution when taking coupling effects into account. As in theory, if the overall dynamics
is considered uncoupled, there is no torsional motion under a pure bending mode and vice versa.
Coupled modes, however, considering both motions to be present at a given frequency, allowing
energy to transmit between each motion. Since initial disturbance was introduced on bending orig-
inally, more potential energy is transferred onto torsion with coupled modes and introduces larger
transient torsional displacements at higher oscillation rates.
However, this difference in energy distribution can also be contributed based on how the initial
condition is assigned. In the uncoupled solver, bending and torsion are relatively separated. When
imposing a tuned initial displacement onto the first bending mode, the torsional motion would not
be so much affected. In the case of coupled solver, the initial displacement distribution becomes
more complicated because not only the initial bending displacement needs to be satisfied, also
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Figure 5.6: Aeroelastic response comparison with initial condition assumption on 1st coupled
mode
the zero-displacement condition for torsion. For the results obtained by coupled solver shown in
Figure 5.6, the initial condition is imposed on two coupled modes, maintaining a 0.2 m bending
displacement and zero torsional angle. To investigate the cause of this discrepancy in energy
distribution, dynamic responses with initial conditions applied as equivalent step-like tip load is
obtained as illustrated in Figure 5.7.
Figure 5.7: Aeroelastic response comparison with initial condition assumed as step loads
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Compared with Figure 5.6, a better agreement between coupled and uncoupled solver is ob-
served here when the initial condition is applied as an equivalent step-like tip load, which indicates
that the discrepancy of energy distribution is caused by implementation of the initial condition.
Again, mode shapes are base functions when it comes to solving forced dynamic responses. The
time-dependent functions in the solution would accommodate differences in mode shapes while
the actual response itself would not be affected drastically. The example demonstrated here puts
emphasis on the implementation of initial conditions when using coupled modes. Equivalent step-
like loads to represent initial displacement conditions are preferred, especially when using coupled
modes.
5.4 Aeroelastic response for short-wing under propeller inflow
The developed and verified aeroelastic model is utilised to study dynamic responses of the short-
wing under propeller inflow in the bending, lead-lag and torsional directions. As discussed in
Chapter 2, the propeller slipstream effects are taken into consideration via additional velocity com-
ponents in the vertical and axial directions, as illustrated and defined in Figure 2.2 and 5.8. Due
(a) (b)
Figure 5.8: Propeller parabolic addition velocity profile in (a) axial and (b) vertical directions
to the sinusoidal nature of propeller inflow, in the vertical direction, 10% fluctuation of additional
vertical velocity is assigned at a blade passing frequency of 136.5 Hz in the propeller covered area.
The flight simulated is under aircraft cruising condition at 120 m/s, well below the flutter and di-
vergence instability boundaries investigated in Section 4.2. Hence, the ūf distribution is defined as
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Figure 5.9: ūf distribution
illustrated in Figure 5.9. At the same time, a propeller of mass 50kg is mounted at the wing tip,
providing 5000 N of thrust along the advancing direction. A pretwist angle of 2◦ is present as step-
like gust at each aerofoil segment and strip theory is used to integrate the sectional aerodynamic
model along the wing span. The wing structural parameters are defined in Table 3.5 of Chapter
3. With an appropriate modal analysis method, Euler-Bernoulli beam flapping, Timoshenko beam
lead-lag and torsion are represented by a set of equations as defined in Equation (3.22). The appli-
cation of the uncoupled and coupled solvers will be compared in this section, in both solvers mode
shapes and natural frequencies are derived by the transfer matrix method. To reach a solution, the
integrated aeroelastic model can be discretised by Galerkin’s method and solved by Newmark-beta
algorithm.
5.4.1 Convergence study
As discussed in Section 5.2, the selection of parameters, the number of modes included in the
simulation, as well as the iterative time steps, determine the error involved and the computational
effort needed. Though the model developed is able to solve dynamic responses of the system, those
factors need to be studied in order to ensure reliability of the obtained results. Following strate-
gies developed in Section 5.2, convergence analysis is demonstrated step-by-step in this section.
Since lead-lag motion is relatively independent of the coupled bending and torsion, the number of
pure lead-lag modes is studied firstly. Taking into account six modes of coupled bending-torsion
144
(Nq = 6), results obtained by varying Np are compared and plotted in Figure 5.10. The dashed red
Figure 5.10: Steady-state amplitude comparison with fixedNq (Dashed red line: lead-lag vibration
amplitude; Solid blue line: percentage of changes)
curves show the numerical values of the steady-state amplitude (refer to right-hand side y-axis),
plotted against the number of modes taken into account. The solid blue curves show the percentage
change comparing the solution at the point considered with the next data point obtained increasing
number of modes included (refer to left-hand side y-axis). In the lead-lag direction, the steady-
state amplitude does not fluctuate significantly as more modes are included. When including only
the first mode, a difference within 5% can be found and hence Np can be set to be 1. Meanwhile,
with the same number of modes included, the linear acceleration method featuring β = 1/6 gives
smaller fluctuations as Np increases.
Keeping Np = 1, the number of coupled bending-torsion modes is investigated comparing
steady-state amplitude results obtained with varying Nq. The comparison is illustrated in Figure
5.11. Refering to left-hand side y-axis, the steady-state amplitude for coupled bending-torsion
experiences a jump in its value at Nq = 3. This is due to inclusion of the first torsion-governed
mode within the coupled system. As more modes are included, up to Nq = 5 a satisfactory
convergence (within 5%) is achieved. Besides, as stated before, also the effect of the β parameter
is studied and linear acceleration approximation, in which β = 1/6, is found to give smaller
percentage difference between iterations compared to the case of β = 1/4, hence makes it more
efficient in this study.
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Figure 5.11: Steady-state amplitude comparison with fixedNp (Dashed red line: lead-lag vibration
amplitude; Solid blue line: percentage of changes)
Since analyses forNp was done under the condition ofNq = 6, convergence for lead-lag motion
needs to be further confirmed underNq = 5. As shown in Figure 5.12, similar patterns are observed
Figure 5.12: Confirmation on convergence with Nq = 5 (Dashed red line: lead-lag vibration
amplitude; Solid blue line: percentage of changes)
comparing to Figure 5.10 and a satisfactory convergence can be achieved at Np = 1. Meanwhile,
the linear acceleration approximation again gives less fluctuation in percentage differences between
iterations. Hence, a combination of [Nq, Np] = [5, 1] can be confirmed and β = 1/6 is prefered at
this stage.
As for the number of modes used in the numerical process, a convergence study is carried out
to study the impact of different time steps on the numerical results. This analysis is performed
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using five coupled flapping-torsion and one lateral bending (lead-lag) for the beam. Within these
five coupled modes, three are flapping-governed and two are torsion-governed. Also, in this case,
two different values for β parameter are explored and the dashed and solid curves have the same
meaning as in Figure 5.10 to 5.12.
Figure 5.13: Convergence study on iterative time step (Dashed red line: lead-lag vibration ampli-
tude; Solid blue line: percentage of changes)
In Figure 5.13, numerical values of the steady-state amplitude show a smooth curve starting
from the solution obtained with 1/4 of the smallest period involved. In terms of percentage dif-
ference, towards the extremely small time step, the change in steady state value approaches zero.
A 5% satisfactory convergence can be attained when using 1/8 of the smallest period involved
(δτ = 0.1284). Comparing the two β values, the linear acceleration approximation is again proven
to be more efficient, giving a smaller value variation for the same time step. Therefore, the linear
acceleration method with 1/8 of the smallest period is chosen in the study presented in the follow-
ing section for representing overall a more efficient numerical method for the behaviour studied.
By repeating procedures for study of [Nq, Np] under this time step, the same [Nq, Np] values
are found as illustrated Figure 5.14. Therefore, the convergence study can be concluded. To obtain
reliable and converging results for dynamic responses of the short wing under propeller inflow,
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Figure 5.14: Final Confirmation for convergence parameters Nq, Np, δτ, β
five coupled flap-torsion modes (Nq = 5) with one Timoshenko beam lead-lag mode (Np = 1) are
included under time step size being 1/8 of the smallest period involved.
5.4.2 Dynamic response using coupled modes
Here, results related to the wing response in the presence of propeller-wing interaction are obtained.
The wing is assumed to be at the unloaded initial condition and to be excited by the propeller
stream, already in regime condition. This situation is not realistic during the aircraft flight but it is
considered here to show the capability of the method developed in modelling transient responses
of the system with changing the propeller regime.
In Figures 5.15, 5.16 and 5.17, the transient wing response is shown from time t=0s to t=3s,
split into three different plots.
The transient responses in the time domain are shown, while the corresponding frequency-
domain responses are illustrated as well. The dynamic response for all three vibration modes
are measured at the 75% of the span length away from the fuselage. The propeller-wing system
experiences a transient period and reaches its steady state around t=3 s. During the transient period,
the lowest modes of each motion are governing the main wing behaviour before the rising of the
sinusoidal oscillations due to the interaction with the propeller stream. For plunging (flapping)
behaviour, during 1-3 s, as the first mode weakens, the second and third coupled modes starts
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(a) in time domain (b) in frequency domain
Figure 5.15: Flapping transient response of a short wing configuration under propeller inflow
(Solved by coupled modes)
(a) in time domain (b) in frequency domain
Figure 5.16: Torsional transient response of a short wing configuration under propeller inflow
(Solved by coupled modes)
to show, while the propeller frequency starts to grow in relative contribution. The torsional and
lead-lag behaviour showed a similar pattern, as demonstrated. Finally, the propeller takes over into
the steady-state wing response, after the transient behaviour is completely damped. However, as
lead-lag motion is not strongly coupled with the other two coordinates, its first structural vibration
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(a) in time domain (b) in frequency domain
Figure 5.17: Lead-lag transient response of a short wing configuration under propeller inflow
(Solved by coupled modes)
mode remains its governing position in the steady state.
The steady-state response, both in time and frequency domain, of the aeroelastic system is
shown in Figure 5.18. Following the transient phase, the propeller effect governs now the steady-
state oscillations for the flapping and torsional modes. While for the lead-lag direction, the gov-
erning frequency is its first structural frequency. This is due to the lack of coupling for the lead-lag
motion. Concerning flapping and torsion motions, they directly govern lift and moment, which
again determine the flapping and torsional displacements. On the other hand, lead-lag motion is
relatively independent. Therefore, a different pattern is observed.
5.4.3 Uncoupled solver results and comparisons
With the same equations of motion, a solution can also be obtained using pure flapping, torsion
and lead-lag modes. Here, dynamic responses obtained by uncoupled modes in time and frequency
domains are also presented. With the convergence study procedures introduced in Section 5.2,
three modes of flapping, one mode of lead-lag and two modes of torsion motion need to be taken
into consideration under a time step sizing 1/8 of the smallest period involved (δτ = 0.1431).
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(a) in time domain (b) in frequency domain
Figure 5.18: Steady-state response of a short wing configuration under propeller inflow for all
three motions (Solved by coupled modes)
For the coupled solver used, five coupled flapping-torsion modes were used, within which three
flapping-governed modes and two torsion-governed modes. This matches with the number of
modes needed to be considered for the uncoupled solver. Besides, the same time step size and
β parameter are also set. This setup for the uncoupled solver means that the number of time-
dependent unknowns stays the same and both numerical simulations, in coupled and uncoupled
fashion, would require a similar level of computational effort.
The transient responses in time and frequency domains at the same point (75% span length
away from the fuselage) are considered. The flapping transient responses are shown in Figure 5.19
for 0 -3 s. It can be observed that the behaviour is extremely similar to the one obtained from the
coupled solver. Starting with the first structural frequency of flapping, its natural modal behaviour
is decaying. The second and third flapping modes are also becoming visible as the first mode
weakens, however, they will be damped out eventually. In the meantime, the propeller frequency
starts to dominate the motion. In terms of torsion, the transient response is plotted in Figure 5.20.
It shows a combination of effects, including flapping motion, torsional modal behaviour and
the propeller inflow. From 0 to 1 s, the frequencies of three flapping modes, two torsional modes
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(a) in time domain (b) in frequency domain
Figure 5.19: Flapping transient response of a short wing configuration under propeller inflow
(Solved by uncoupled modes)
(a) in time domain (b) in frequency domain
Figure 5.20: Torsional transient response of a short wing configuration under propeller inflow
(Solved by uncoupled modes)
and propeller inflow can be observed at 124.2 Hz and 368.3 Hz. Pure torsion modal frequencies
are derived at 116.5 Hz and 349.5 Hz. As shown in Figure 5.20, the observed frequencies relating
to the torsional motion, however, resembles closely the coupled modal frequencies at 126.5 Hz
and 377.7 Hz. This confirms that the coupled modes give a much more realistic representation of
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structural behaviour. Approaching towards the steady state, the structural modal effect weakens
and the propeller inflow dominates.
Pure lead-lag modes are considered in both solvers due to the relative independent nature of
lead-lag motion and the minimal difference is expected for lead-lag responses. In Figure 5.21,
lead-lag transient response is shown, which gives a similar pattern compared to the one of the
coupled solver.
(a) in time domain (b) in frequency domain
Figure 5.21: Lead-lag transient response of a short wing configuration under propeller inflow
(Solved by uncoupled modes)
Eventually, structural modal behaviour in flapping and torsion is damped out completely while
the propeller frequency dominates in the steady state. With the exception of lead-lag motion, the
steady-state response maintains its structural modal behaviour at its first natural frequency. Steady-
state responses in both time- and frequency domains are illustrated in Figure 5.22. Comparing
results obtained from coupled and uncoupled solvers, differences in these steady-state parameters
can be quantified as listed in Table 5.3. A good agreement can be observed, which confirms that
the modal shape functions are basic units for solution projections and their differences introduced
by coupled or uncoupled motions are compensated by the time-dependent variables.
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(a) in time domain (b) in frequency domain
Figure 5.22: Steady-state response of a short wing configuration under propeller inflow for all
three motions (Solved by uncoupled modes)
5.5 Conclusion
In this chapter, a numerical solver for time-domain dynamic responses has been developed. So-
lution strategy, time-marching solution method and convergence analyses scheme for forced vi-
bration response have been introduced. Verification of the developed procedure was carried out
against two examples reported by Shams et al. [57], one with uncoupled motion and the other with
coupled motion. During the validation process, attention has been drawn to the application of non-
zero initial displacement conditions. Within the modal space, the distribution of non-zero initial
condition is unclear. The initial condition can be imposed onto the first few modes, or it can be
reproduced by introducing an equivalent step pre-load. For solving coupled motion, an equivalent
step-like load is preferred as it gives a much more accurate result than imposing the displacement
onto the first few modes.
Regarding the actual solution process, the number of modes to include and the iterative step for
the time-marching solution method directly affect the accuracy and reliability of the solver output.
A convergence analysis scheme has been introduced and demonstrated on the short-wing propeller
case. With the capability to reach time-domain dynamic response, the short wing under propeller
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Table 5.3: Steady-state response comparison for coupled and uncoupled solver
Steady-state parameters Coupled solver Uncoupled solver Diff. %
Flapping amplitude 4.836×10-6 m 4.825×10-6 m 0.23
Flapping deflection 1.663×10-2 m 1.664×10-2 m -1.90
Lead-lag amplitude 2.641×10-3 m 2.660×10-3 m -0.72
Lead-lag deflection 2.878×10-3 m 2.881×10-3 m -0.10
Torsional amplitude 7.297×10-5 rad 7.324×10-5 rad -0.37
Torsional deflection 8.800×10-4 rad 8.830×10-4 rad -0.34
inflow was studied in the time and frequency domain. The application of coupled and uncoupled
modes has been compared. There was not a significant difference in terms of computational effort
and the response solution as expected. The transient behaviour still showed that the coupled modes
give a much more realistic representation for structural modal behaviour.
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Chapter 6
Aeroelastic Model Exploitation and Further
Analyses
Since there is a gap identified for simple and numerically efficient analytical tools for aeroelastic
behaviour of short-wing/propeller configurations, the aeroelastic model developed is ideal as a pre-
liminary method to give an insight into the complex phenomenon in early design stages. Following
the completion of the aeroelastic model and the case study, further exploitation of the model are
carried out by varying dimensional parameters and flight conditions. Hence, parameter analyses
for combination of design variables and structural responses, as well as alternating different flight
conditions, can be conducted. This chapter is to demonstrate how the tool can be used when lim-
ited information about the detailed design is available and how the propeller parameters can be
considered in the preliminary design stage using the low-fidelity tool developed in this project.
Recalling the aeroelastic tool developed in previous chapters, it is formed by the modules as
shown in Figure 6.1. This framework forms the core of any further exploitation of the developed
tool. With a set of parameters describing wing-propeller configuration and flight condition, these
information are input into the structural and aerodynamic solver to build a representative and suit-
able mathematical model.
With regard to wing configuration modifications, Chapter 3 described the development of struc-
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Figure 6.1: Aeroelastic Model Framework
tural model in detail. In brief, the development of structural model starts with analysing the va-
lidity of Euler-Bernoulli beam assumptions. By performing modal analysis and comparing modal
frequencies derived based on Euler-Bernoulli and Timoshenko beam theories, the effect of shear
deformation and rotary inertia can be analysed for each vibration mode. The consideration of
structural coupling between vibration motions is also included. The modal analysis study would
lead to the most representative mathematical formulation for the short wing studied. However,
with a complex mathematical expression, the analytical modal analysis approach is no long suit-
able. Hence, a transfer matrix approach is proposed and applied. The demonstration of analysis
processes are described in Section 3.4 for the short-wing structure.
In respect of changes in propeller configuration and flight condition, Chapter 2 detailed the de-
velopment of aerodynamic model. To summarise, unsteady aerodynamic theories in frequency and
time domain were studied and combined for different flow conditions and forms of solution. While
Theodorsen’s and Wagner’s models focus on the fluid-structure interacted transition of disturbance
to a steady state, Sears’ and Küssner’s models address the effect of any arbitrary gust field. In
regard to obtaining results, frequency-domain theories, such as Theodorsen’s and Sears’ models,
are ideal for obtaining steady-state behaviour as well as characterising instability. Time-domain
theories, such as Wagner’s and Küsser’s model, are suitable for solving transient responses. A case
study demonstrating the development of aerodynamic model is shown in Section 2.5.
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As for instability and convergence studies, in Chapter 4 and 5, models have been developed for
aeroelastic instability and solution convergence for the aeroelastic tool. Detailed formulation for
instability study and solution strategy were presented in Section 4.2 and 5.2.
This chapter would study the following phenomena involved with wing dimension, propeller
configuration and flight condition in more detail. The relationship between each module developed
is illustrated in Figure 6.1. For example, update or any changes in wing configuration would
require re-establishing of the structural model. To obtain time-domain dynamic response, the
updated structural model would be integrated with the existing aerodynamic model. Convergence
study would need repeating and time-domain response can be obtained at last. Similarly, change
of propeller configuration or flight condition, would require re-examination of the aerodynamic
model and other relevant processes.
Besides parameter variation, different incoming gust field pattern, namely 1-cosine gust and
continuous turbulence, are also explored. 1-cosine gust is used as a representation of any discrete
gust in the design stage. Since it can be expressed analytically with respect to time. Airloads gen-
erated by it can be formulated through the Küssner’s model. Therefore, dynamic responses can be
obtained and visualised under different gust lengths. Lastly, structural behaviour under continuous
turbulence are investigated. Continuous turbulence is gust excitations of irregular pattern. Utilising
the frequency domain model, the root mean square deflections are calculated.
6.1 Parameter set definition
The input parameters chosen for this study are the wingspan length, airspeed, flight altitude, pro-
peller radius and propeller operating speed. They range from flight conditions, structural dimen-
sion and propeller performance, and they are all crucial design variables that need to be taken into
account, and of high benefit for the preliminary design stage.
When considering the wing structure dimension, wingspan is a key design parameter. Chang-
ing wingspan would require reconsideration of the structure modal behaviour, modal analysis and
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Table 6.1: Parameters and their range of studies
Wingspan 2.0m to 2.5m
Airspeed 110m/s to 130m/s
Altitude 0m to 4000m
Propeller radius 0.8m to 1.6m
Propeller speed 20 rev/s to 40 rev/s
convergence studies are also performed. A brief example of the mathematical procedures is demon-
strated with the wingspan length study. Since they are repetitive procedures described and demon-
strated in Section 2.5, 3.3, 4.2 and 5.2, the detailed processes for other parameters are not shown
in this chapter.
Regarding the flight condition, airspeed is the relative advancing velocity of the aircraft to
surrounding air. For a similar configuration of rotorcraft, Eurocopter X3 has a cruising speed
around 113 m/s and maximum speed of 131 m/s [107, 108]. Hence, in the parameter study, the
range of 110 m/s to 130 m/s is considered. For the same rotorcraft, it was reported that its service
ceiling is up to 3810 m [109]. Therefore, altitudes from sea level to 4000 m are investigated in this
study.
Lastly, the propeller performance is taken into account. Since the model has the novelty of
considering propeller performance, parameter variations and their impact on the wing dynamic
behaviour are examined here. Propeller radius, as well as propeller operational speed, are inves-
tigated for their impacts on the short wing by utilising an analytical thrust model and slipstream
assumptions.
Despite all changes in different parameters, the dynamic behaviour of the wing is always mea-
sured at its 75% length.
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6.1.1 Wingspan effect
Wingspan is a key parameter for designing a wing structure and certainly also in the case of
propeller-wing system. A greater length of wingspan would provide larger lifting area, hence
increase lift. However, it would also decrease the stiffness of the wing, making the wing more
flexible and giving larger deflection. At the same time, wingspan affects the modal behaviour. Es-
pecially under the influences of propeller, vibration resonance should be studied for prevention. In
this section, the wingspan is analysed for its impact on wing deflection. Modal analyses are also
carried out before solving the time-domain response, as well as convergence studies for natural
mode inclusion and time step.
According to the aeroelastic model framework, the modification of structural parameter leads
to redefinition of the structural model. Therefore, the governing equation of short wing (Equation


















































The above equations characterise flapping motion based on the Euler-Bernoulli beam theory, also
consider coupling with torsion. Meanwhile the lead-lag motion is modelled based on the Timo-
shenko beam theory, considering the shear and inertia effects. In Equation 3.22, h, α, v are flap-
ping, torsional and lead-lag displacements respectively, m is the mass per unit length, Sα is the
static unbalance, E,G are the Young’s modulus and Shear modulus, Iy and Iz are the second mo-
ment of area in the y- and z- directions, Iα is the mass moment of inertia, Lh,Mα, Lv are forces
and moments exerted in flapping, torsional and lead-lag direction respectively, J is the torsional
constant, κz is the shear coefficient in z-direction, A is the cross-sectional area, ϕz is the cross-
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sectional rotation in z-direction, ρw is the wing material density. The position on wingspan is
described by the x-coordinate as is one of the independent variables. The other independent vari-
























ϕ̈z − EIzϕ′′z − κzGA (bν ′ − ϕz) = 0.
(5.1)
In Equation 5.1, U∞ is the aircraft advancing speed, b is the half chord length, ξ and ν are the
dimensionless flapping and lead-lag displacement (ξ = h/b and ν = v/b).
The solution of displacements can be written as collective product of the time-dependent func-












With discretization, the governing equation can be rearranged into a matrix form as
Mü + Ku = F, (5.3)
The detailed description of mass matrix M and stiffness matrix K, as well as time-dependent
displacement vector u and loading vectors F can be found in Appendix E. The sizes of those
matrices are dependent on the number of modes considered.
Within this study, the input variable is the length of wingspan, which directly determinates the
mode shape functions. Solving the above equation, time-dependent functions are now obtained.
Hence the output dynamic behaviour, which is the product of mode shape and time-dependent
function, is computed. The relationship between wingspan and its effect on dynamic behaviour
can be analysed.
The mode shape function can be acquired based on known wingspan as an eigenvalue problem.
This procedure is described in detail in Section 3.3 via the transfer matrix method. In summary,
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the process assumes a simple exponential expression for the time-dependent function with zero
external loading. The homogenous equation can be solved for its eigenvalue and eigenvector. The
eigenvalue results for each wingspan are listed in Table 6.2.
Table 6.2: Coupled bending-torsional natural frequencies for wingspans from 2.0 m to 2.5 m
Wingspan (m) Natural frequencies (Hz)
2.0 17.96 111.48 158.73 308.78
2.1 16.29 101.26 150.99 280.83
2.2 14.85 92.37 144.00 256.45
2.3 13.58 84.59 137.64 235.06
2.4 12.48 77.75 131.83 216.21
2.5 11.49 71.70 126.50 199.52
Regarding the external loadings F, the flight condition remains unchanged for this study.
Hence, the original aerodynamic model can be integrated.
With complete integration of the aeroelastic model, convergence study is carried out, based
on strategies discussed in Section 5.2, determining time step size and number of modes. Lastly,
the dynamic behaviour of short-wing/propeller system can be obtained. For each wingspan length
studied, the entire process from structural model modification to convergence study is repeated.
Therefore, the dynamic behaviour of the wing can be explored against variations in wingspan
length from 2.0 m to 2.5 m. The results are discussed in the following.
The flapping and torsion steady-state motion are governed by propeller blade-passing fre-
quency. However, the lead-lag motion vibrates at its first natural frequency, hence, changes as
wingspan alters. In Table 6.3, the steady-state mean deflections are captured for these three vi-
bration motions. Their variation against wingspan length is also plotted and illustrated in Figure
6.2. As expected, the steady-state mean deflections for all three vibration motions increase as
the wingspan increases. A longer wingspan with the same cross-section profile results in a more
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Table 6.3: Steady-state mean displacement comparison
Wingspan (m) h (m) v (m) α (rad)
2.0 6.8353×10-3 1.8792×10-3 6.0557×10-4
2.1 8.2936×10-3 2.0964×10-3 6.5597×10-4
2.2 1.0046×10-2 2.3468×10-3 7.1030×10-4
2.3 1.1948×10-2 2.6013×10-3 7.6390×10-4
2.4 1.4208×10-2 2.8905×10-3 8.2184×10-4
2.5 1.6632×10-2 3.1855×10-3 8.7991×10-4
Figure 6.2: Steady-state mean displacement against wingspan: (a) flapping motion; (b) lead-lag
motion; (c) torsional motion
flexible wing, hence larger deflections.
As for the steady-state amplitude, Table 6.4 lists the steady-state amplitudes for each vibration
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Table 6.4: Steady-state amplitude comparison
Wingspan (m) h (m) v (m) α (rad)
2.0 8.776×10-7 1.799×10-3 5.065×10-5
2.1 2.555×10-6 2.030×10-3 7.918×10-5
2.2 7.743×10-6 2.270×10-3 1.75×10-4
2.3 2.787×10-5 2.522×10-3 5.141×10-4
2.4 8.045×10-6 2.722×10-3 1.306×10-4
2.5 4.836×10-6 2.924×10-3 7.297×10-5
Figure 6.3: Amplitude comparison against wingspan: (a) flapping motion; (b) lead-lag motion; (c)
torsional motion
motion under wingspan variation. The results are plotted in Figure 6.3. A rise in amplitude is
observed for flapping and torsional motions when wingspan is at 2.3 m. According to Table 6.2
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one can find that, at 2.3 m wingspan, the wing would natural vibrates at 137.64 Hz as its 3rd
coupled natural frequency. Recalling the propeller blade-passing frequency, it is at 136.5 Hz,
which is sufficiently close for these two frequencies to interact with each other. Therefore, due to
harmonic resonance between the blade passing frequency and the 3rd coupled natural frequency, a
rise in steady-state amplitude at 2.3m wingspan length is observed.
6.1.2 Aircraft advancing velocity effect
During a full flight, aircraft does not only fly at one fixed velocity. Even for its cruising condition,
there is a range of advancing velocity the aircraft can operate at. In general, more lift would be
generated at a higher flight velocity. However, the aeroelastic behaviour would be affected. In this
section, the dynamic behaviour of the propeller-wing system is studied under different airspeeds.
The aircraft advancing velocity is controlled by both the main rotor and the propellers. How-
ever, the thrust distribution and control algorithm between these two main propulsive systems are
not defined yet in such early stage of design. Therefore, the correlation between advancing velocity
and propeller thrust are not considered here. While alternating advancing velocity, the propeller
thrust is assumed to remain unchanged. It may not reflect the true reality, but the effect of advanc-
ing airspeed is still captured.
The advancing velocities ranging from 110 m/s to 130 m/s are studied in this section. Since
the flight condition is altered, the aerodynamic model would need modification. Recalling Section
2.4, the aerodynamic model were formulated based on established unsteady aerodynamic theories.
In this section, the only changing parameter is the magnitude of advancing velocity. The types of
aerodynamic disturbance and their patterns stay the same. Meanwhile the result of interest remains
as the dynamic response of the short wing. Therefore, according to Table 2.2, the composition of
aerodynamic model remains the same. Recalling aerodynamic formulation derived in Section 2.5,
the aerodynamic loadings at each advancing velocity can be analytically obtained by Equation
2.25. Based on instability study concluded in Section 4.2.1, the critical flutter velocity for the
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short-wing/propeller system is at 784.7 m/s. The range of study is well below the flutter threshold,
hence no additional instability study is needed.
Referring to the aeroelastic model framework in Figure 6.1, a convergence study is carried out
for each advancing velocity determining the appropriate time step and mode numbers. Finally, the
dynamic responses under these flight conditions are obtained. The first initial transient responses,
in which the first peaks of displacements are captured, are illustrated in Figure 6.4. As aircraft
Figure 6.4: Initial transient displacement comparison against airspeed
advancing velocity increases, the aero-structure would experience a larger flapping and torsional
deflections. Lead-lag deflection does not appear to have any significant change. Utilising the
FFT tool developed for steady-state analysis, the differences in displacement relating to advancing
velocity variation are further discussed and quantified in Table 6.5.
When plotting the steady-state mean displacements against airspeeds, a linear relationship is
found as shown in Figure 6.5. As expected, flapping and torsional steady-state deflections increase
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Table 6.5: Steady-state mean displacement comparison
Airspeed (m/s) h (m) v (m) α (rad)
110 0.0141 3.1666×10-3 7.7005×10-4
115 0.0153 3.1759×10-3 8.2409×10-4
120 0.0166 3.1855×10-3 8.7991×10-4
125 0.0180 3.1953×10-3 9.3752×10-4
130 0.0193 3.2054×10-3 9.9696×10-4
linearly as airspeed increases. Meanwhile, lead-lag deflection also increases linearly. The displace-
ment change percentages for flapping and torsion motions are much higher than those of lead-lag
motion.
Figure 6.5: Mean displacement comparison against airspeed: (a) flapping motion; (b) lead-lag
motion; (c) torsional motion
.
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Statically, aircraft advancing velocity directly affects the effective stiffness of the aero-structure.
Since aerodynamic lift and moment are dependent on the displacements, and their rates of changes,
the elastic stiffness of the system no longer represents the actual stiffness behaviour. Hence in di-
vergence analysis, instability occurs as airspeed increases, when the effective stiffness reaches
zero. The flapping and torsional behaviour here were affected by the change of airspeed through
effective stiffness of the system. Meanwhile, the lead-lag motion changes very slightly as airspeed
increases, the range of variation across 110m/s to 130 m/s is within 1.5%. Lead-lag deflection
is initiated by aerodynamic drag and propeller thrust. The aerodynamic drag is directly propor-
tional to circulatory lift, which is also a function of flapping and torsional displacements. Hence,
as flapping and torsional displacements get larger, circulatory lift and aerodynamic drag increase.
However, given that the lead-lag motion is structurally uncoupled from the flapping-torsion mo-
tion, the deflections are mainly due to the propeller thrust at the wing-tip. Since aerodynamic drag
does not have a dominating effect, variation across different airspeeds has a much smaller effect
on the lead-lag motion.
Meanwhile, linearity was observed for all of the vibration motions studied. Mathematically,
airspeed has a quadratic progression with the effective stiffness. Therefore, quadratic growth was
observed for all of the vibration motions studied within the airspeed range selected.
Table 6.6: Steady-state amplitude comparison
Airspeed (m/s) h (m) v (m) α (rad)
110 4.217×10-6 2.914×10-3 6.358×10-5
115 4.508×10-6 2.919×10-3 6.799×10-5
120 4.836×10-6 2.924×10-3 7.297×10-5
125 5.207×10-6 2.929×10-3 7.861×10-5
130 5.546×10-6 2.935×10-3 8.376×10-5
The same analysis is carried out on the steady-state amplitude for the three vibration motions
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Figure 6.6: Amplitude comparison against airspeed: (a) flapping motion; (b) lead-lag motion; (c)
torsional motion
and similar behaviour is observed. In the flapping and torsional motion, the steady-state amplitudes
increase linearly as airspeed increases. The change of airspeed affects the effective stiffness then
impacts on the steady-state amplitude. While in lead-lag motion, the variation is similar yet at a
much smaller scale within 0.8%. Hence the variation of aerodynamic drag caused by changing
airspeed is not significant compare to the effect of propeller thrust in the lead-lag motion.
6.1.3 Altitude effect
All aircraft are designed to fly at their own range of altitudes. At a different altitude, a different
air density is present. Even within its designed range, changing of air density directly affects aero-
dynamic loadings, hence will have an impact on the structural behaviour. Therefore, the effect of
altitude is studied here in this section. As with the advancing velocity, altitude is another parame-
ter that requires both the main rotor and propeller systems to control, and the correlation between
169
altitude and thrust is not clear enough in such initial design stage. Hence, all other parameters are
kept unchanged when altering the flight altitude. With The air pressure, temperature, density and
viscosity at different altitude given by the U.S. Standard Atmosphere [103], dynamic responses
under flight altitude ranging from sea level to 4000 m are investigated and analysed in this section.
According to the U.S. standard atmosphere 1976, the air density at each altitude is given as
shown in Table 6.7 and it varies linearly across altitude 0 to 4000 m as illustrated in Figure 6.7.
Table 6.7: Altitude vs. air density
Altitude (m) Sea level 1000 2000 3000 4000
Air density (kg/m3) 1.225 1.112 1.007 0.9093 0.8194
Figure 6.7: Air density changes with variation of altitude from 0 to 4000m
Inputting each air density, the airloads at corresponding altitude can be simulated. The dynamic
time-domain responses are obtained and the initial transient responses are illustrated in Figure 6.8.
In all three vibration motions, there are clear decreases in the initial displacements as altitude
gets higher. To further quantify this observation, steady-state displacements and amplitudes under
different altitudes are analysed.
The steady state mean displacements of the three vibration motions under five different altitude
levels are given in Table 6.8 and plotted in Figure 6.9.
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Figure 6.8: Initial transient displacement at different altitudes: (a) flapping motion; (b) lead-lag
motion; (c) torsional motion
Table 6.8: Steady-state mean displacement comparison at different altitude
Altitude (m) h (m) v (m) α (rad)
0 0.0166 3.1855×10-3 8.7991×10-4
1000 0.0147 2.8916×10-3 7.9756×10-4
2000 0.0128 2.6186×10-3 7.2121×10-4
3000 0.0112 2.3645×10-3 6.5032×10-4
4000 0.0096 2.1308×10-3 5.8522×10-4
With increasing altitude, mean displacements for the flapping and torsional motions decrease
linearly, while lead-lag mean displacement also decreases at a much smaller scale. In reality, at a
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Figure 6.9: Linear variation of mean displacements against altitude: (a) flapping motion; (b) lead-
lag motion; (c) torsional motion
higher altitude, air density decreases. Hence with the same airspeed and aerofoil configuration, the
airloads would decrease linearly. For flapping-torsion motion, its structural behaviour is governed
by aerodynamic loads, hence mean displacement decreases. Lead-lag motion is mainly exerted by






where kT is the thrust coefficient, np is the propeller speed andDp is the propeller diameter. These
parameters were assumed unchanged, hence making propeller thrust change proportionally with air
density. Furthermore, lead-lag motion shows linear variation across different altitude. Quantitative
investigation on the steady-state amplitudes are also carried out, with results displayed in Table 6.9
and Figure 6.10.
The steady-state amplitudes for all three vibration motions showed similar patterns as of the
mean displacements. This is within expectation due to the linear relationship between air density
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Table 6.9: Steady-state amplitude comparison at different altitude
Altitude (m) h (m) v (m) α (rad)
0 4.836×10-6 2.924×10-3 7.287×10-5
1000 4.449×10-6 2.654×10-3 6.723×10-5
2000 4.080×10-6 2.404×10-3 6.173×10-5
3000 3.728×10-6 2.171×10-3 5.648×10-5
4000 3.397×10-6 1.956×10-3 5.151×10-5
Figure 6.10: Variation of amplitudes against altitude: (a) flapping motion; (b) lead-lag motion; (c)
torsional motion
and aerodynamic loads, lift, drag and induced thrust.
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6.1.4 Propeller size effect
Likewise, propeller performance can be simulated in the developed tool, in a similar way to flight
conditions or wing structural parameters discussed in previous sections. Propellers generate thrust
to drive the aircraft forward, at the same time, affect the wing structure via their slipstreams.
Changing propeller operational parameters would result in changes in thrust performance and slip-
stream characteristics. Thrust would then impact on the lead-lag motion, as well as the propeller-
axial velocity distribution. As for in the vertical direction, slipstream would project a velocity
distribution profile on the wing as discussed in Chapter 2. In the following sections, propeller
size and operational speed are studied. Both parameters directly affect the thrust performance
and slipstream definition. Relevant changes in thrust and slipstream are considered in the simula-
tion. However, the other parameters, such as advancing velocity, altitude, are assumed to remain
unchanged as described in Section 5.4.
In this section, a study on the influence of propeller size, which is defined as the propeller
radius, is carried out. Its impact on axial velocities, slipstream radius and vertical velocity distri-
bution are explained. Firstly, the link between propeller radius and thrust needs to be understood.






Increasing in propeller radius would bring a larger thrust due to the increase of lifting area.
When thrust increases, the velocity difference between aircraft advancing and slipstream axial
addition also changes. Between air-entry velocity, air-exit velocity and resultant thrust, momentum
theory can be used. Propeller thrust is the result of pressure unbalance between the entry and exit,
hence it can be written as
Fthrust = ∆pAp = (p0 − pe)Ap, (6.2)
in which ∆p is the pressure difference across the propeller interface, Ap is the propeller disk
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area. The pressures ahead and behind the propeller disk are
p0 = pstatic +
1
2




where they consist of the static pressure pstatic, and the dynamic pressure as a function of the local
velocity. Substitute the above expressions to Equation (6.2), the resultant thrust can be obtained
with respect to the velocity difference as
Fthrust = 1/2ρAp(v
2
e − v20), (6.3)
Knowing the velocity change, the slipstream can be defined. The slipstream axial addition term
ve − v0 from Equation (6.3) is considered as the average axial velocity addition. With a larger
propeller radius, a larger area would be affected on the wing. Hence, by incorporating ve and
Dp into a more realistic parabolic velocity distribution, the analytical expression for axial velocity
addition can be redefined Besides changes in the axial direction, the vertical velocity distribution
profile is also affected by the change of propeller radius. The maximum vertical velocity addition
is assumed to be constant. However, a larger area would experience the additional vertical velocity
as well as the sinusoidal variation. Hence the distribution is reshaped.
With respect to propeller radius, resultant steady-state responses are presented. Table 6.10 lists
the steady-state mean deflections, while Figure 6.11 visualises the change as propeller gets larger.
Table 6.10: Steady-state mean displacement comparison
Propeller radius (m) h (m) v (m) α (rad)
0.8 1.733×10-2 1.400×10-3 0.886×10-3
1.0 2.648×10-2 3.242×10-3 1.183×10-3
1.2 3.794×10-2 6.588×10-3 1.731×10-3
1.4 6.060×10-2 12.101×10-3 2.689×10-3
1.6 9.767×10-2 20.562×10-3 4.286×10-3
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Figure 6.11: Mean displacement comparison against propeller size: (a) flapping motion; (b) lead-
lag motion; (c) torsional motion
Figure 6.11 shows that the steady-state deflections grow as the propeller gets larger. For all
three vibration motions, they exhibit similar patterns too. For flapping and torsional motion, this is
due to the analytical quadratic relationship between velocities and propeller radius. Among all the
vibration motions, the lead-lag motion experiences the largest variation across the study regime.
This is due to the quartic relationship between propeller radius and thrust.
As for the steady-state amplitude, all three motions get larger vibration amplitudes with increas-
ing propeller radius. Again, all three motions have very similar growing patterns as the propeller
becomes bigger. Especially for lead-lag motion, the percentage in growth is much larger com-
pare to flapping and torsion. Again, it is an result of the quartic relationship between thrust and
propeller radius. In summary, when designing the short-wing/propeller system, the propeller size
needs to be considered carefully between its effect of thrust and advancing velocity addition and
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Table 6.11: Steady-state amplitude comparison
Propeller radius (m) h (m) v (m) α (rad)
0.8 4.339×10-6 1.222×10-3 0.634×10-4
1.0 5.846×10-6 2.945×10-3 0.881×10-4
1.2 7.932×10-6 6.057×10-3 1.199×10-4
1.4 10.573×10-6 11.182×10-3 1.566×10-4
1.6 13.334×10-6 19.045×10-3 1.899×10-4
Figure 6.12: Amplitude comparison against propeller size: (a) flapping motion; (b) lead-lag mo-
tion; (c) torsional motion
large resultant deflections of the wing structure.
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6.1.5 Propeller speed effect
As with propeller sizing, the rotational speed also directly impacts the propulsive thrust given to
the aircraft. Increasing propeller speed, hence, would increase the velocity difference between
flow upon entry and exit according to Equation (6.2). Knowing the average flow exiting velocity,
the parabolic profile for the propeller axial addition can be written. As for the vertical direction,
the velocity remains the same while the sinusoidal variation frequency changes with the propeller
operating speed.
Steady-state responses are presented in Table 6.12 and 6.13 while visualisations of the data are
illustrated in Figure 6.13 and 6.14.
Table 6.12: Steady-state mean displacement comparison
Blade passing frequency (Hz) h (m) v (m) α (rad)
100 2.025×10-2 1.807×10-3 1.016×10-3
125 2.314×10-2 2.741×10-3 1.125×10-3
150 2.666×10-2 3.883×10-3 1.257×10-3
175 3.081×10-2 5.232×10-3 1.412×10-3
200 3.560×10-2 6.790×10-3 1.591×10-3
For all three vibration motions, steady-state deflections increase as propeller operates faster.
Again, since increasing propeller speed would result in quadratic thrust increment, lead-lag mo-
tion has the most significant changes compared to flapping and torsion across the range of speed
studied.
As for the steady-state amplitudes, they are not dominated by the increase of thrust or velocity
magnitude. At 25 rev/s, a peak is observed in the coupled flapping and torsional motion. Given
that there are five blades, blade passes the wing level at 125 Hz when propeller operates at 25 rev/s.
Recalling modal analysis performed in Chapter 3, the coupled flapping and torsion motion has its
2nd natural frequency at 126.5 Hz. This brings resonance between the blade pass frequency and
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Figure 6.13: Mean displacement comparison against propeller speed: (a) flapping motion; (b) lead-
lag motion; (c) torsional motion
Table 6.13: Steady-state amplitude comparison
Blade passing frequency (Hz) h (m) v (m) α (rad)
100 0.744×10-6 1.591×10-3 6.188×10-5
125 32.321×10-6 2.477×10-3 60.707×10-5
150 2.814×10-6 3.543×10-3 3.907×10-5
175 0.649×10-6 4.803×10-3 1.782×10-5
200 8.513×10-6 6.358×10-3 0.328×10-5
the structural natural frequency, resulting in flapping and torsional amplitude peaks at 25 rev/s.
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Figure 6.14: Amplitude comparison against propeller speed: (a) flapping motion; (b) lead-lag
motion; (c) torsional motion
6.2 Dynamic response under different disturbance
The case study performed in Chapter 5 and parameter studies above are all excited by series of
sharp-edge gusts, representing propeller slipstream conditions. However, during flight operation,
the aircraft is also likely to experience different excitations. They can be discrete gusts, which are
known and forms a velocity field with identified patterns. This type of gust is often simulated as
1-cosine gust. Besides, not all the conditions are predictable during a flight operation. Hence in
this section, continuous turbulence is also introduced. That is when excitations of irregular and
unpredictable patterns are exhibited.
All excitations can be treated as a discrete gust or continuous turbulence. In order to obtain
response under discrete gust, the same mathematical process described in Chapter 5 can be applied
incorporating 1-cosine gust loadings via Küssner’s model. While continuous turbulence consist
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of gusts with different velocities of random patterns and usually are analysed statistically in the
frequency domain. In this section, responses under both excitations are examined for the short
wing-propeller configuration.
6.2.1 1-cosine gust
Recalling the sharp-edged gust condition discussed in previous chapters, it can categorised as a
discrete gust with deterministic pattern. However, sudden step change of velocities is an ideal
condition. In reality, changes between velocities are in forms of 1-cosine gust, which gives a
gradual change over a velocity peak. Hence, 1-cosine gust is used to represent any discrete gust in
the design stage. The mathematical procedures to obtain dynamic response have been discussed in
Chapter 5 and the exact procedures are applied. In this section, time-domain dynamic responses
under 1-cosine gusts of various length are investigated.
Starting with defining the 1-cosine gust, as illustrated in Figure 6.15, gust velocity varies in the
vertical direction, normal to the aircraft advancing velocity U∞. It is a gradual change from one
velocity to another. With velocity peak at wmaxcos over gust length of Lcos, the velocity profile can
Figure 6.15: 1-cosine gust schematic





















Recalling the aerodynamic model described in Chapter 2, the aeroelastic loadings from any
arbitrary gust field can be analytically determined in the time domain, hence leads to solution
of the aeroelastic response. The 1-cosine gust, as analytical expressed above, can be input into the
aeroelastic model and the aeroelastic response can be obtained accordingly. Within this section, an
1-cosine gust field is presented showing the capability of the aeroelastic model as well as analysing
the relationship between gust length and structural response.
The flight condition considered here is the short-wing propeller system advancing at 120 m/s
encountering an 1-cosine gust of peak velocity at 5.5m/s. Ranging from gradual to steep gusts,
the gust field varies in length, from 10 to 50 times of the chord length. The effect of gust length
on the structural response is captured and investigated by inputting gust information together with
advancing flow and propeller slipstream.
Illustrated in Figure 6.16 and 6.17, transient responses are plotted against both time and gust
length. Only the coupled flapping-torsion motion is studied here as it is directly affected by the
lift and moment induced by gust velocities. Meanwhile the lead-lag motion is dominated by the
propeller thrust which would remain the same in this study. Figure 6.16 shows that the flapping
displacement experiences sinusoidal fluctuation while being damped along time. Similar patterns
are exhibited at all gust length studied. However, from 10 to 50 times of the chord length, the
maximum displacement peaks at 25 chord lengths.
At 25 chord lengths, the maximum displacement peaked at 0.04 mm. Meanwhile, through 10 to
50 chord lengths, the maximum displacement location moves further along the time axis, meaning
the maximum displacement happens later for longer gust length. Similarly, the peak for minimum
displacement also sits at 25 chord lengths. This is due to the large amplitude in the initial response.
When varying gust length from 10 to 50 times of chord length, the frequency term within the
1-cosine expression changes. It goes from 40 Hz to 8 Hz, as gust length increases. This range
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of frequencies is also where the first modal frequency sits. Therefore, it is reasonable to expect
a peak in maximum displacement within this range. However, there are many factors at play in
the first initial period, such as the modal frequency, propeller blade passing frequency, as well as
the 1-cosine excitation. It is difficult to analytically predict where the peak will appear. In this
particular use case, the peak for maximum displacements sits at 25 chord lengths. At 25 chord
lengths, the frequency term is at the value of 16 Hz. In other use cases, this is going to be different.
The developed tool can capture the peak without any analytical derivation, which is likely to be
labour intensive.
If the 1-cosine gust carries on its periodic behaviour, the maximum displacement would occur
at where there is a coincidence between the gust and modal frequencies due to resonance. However,
the gust field in this case is only active for a limited time in the very beginning of the simulation.
This means the frequency resonance effect would not be apparent. The dynamic behaviour ob-
tained by the developed aeroelastic tool reveals the complex relationship between discrete gust
length and maximum transient displacement.
Figure 6.16: Flapping transient response against 1-cosine gust length
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Figure 6.17: Torsion transient response against 1-cosine gust length
6.2.2 Continuous turbulence
Having considered the responses under discrete gusts, continuous turbulence response is looked at
in this section. When the gust field has unknown and irregular pattern, analytical expression for the
specific gust field becomes impossible to acquire. Therefore, time-domain response becomes un-
achievable. The system response under continuous turbulence is an issue in the frequency domain
rather than in the time domain. Continuous turbulence consists of random gusts without pattern
and there are unlimited possible combinations of random gusts at different frequencies and veloc-
ities. Hence, the condition can only be described as a statistical problem rather than any particular
reality. To obtain responses under continuous turbulence, the results are in the form of power spec-
tral density (PSD), which summarise the mean-squared displacements at each frequency. This can
be obtained by knowing the PSD for the random gust field and frequency response function (FRF)
of the aeroelastic system. Similarly, PSD for random gust field summarises the mean-square gust
amplitude at different frequencies, while the FRF reflects on the response of the system under any
given frequency with a uniformly distributed gust of unit magnitude. The PSD of system response
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can be then obtained by
Φr(ω) = |FRF (ω)|2Φg(ω), (6.6)
where, ω is the frequency in rad/s, Φr is the PSD for aeroelastic response. FRF (ω), the fre-
quency response function, can be derived from the frequency domain aeroelastic model developed
in Chapter 4. Meanwhile, Φg(ω) is the PSD for gust amplitude, which has established turbulence
models that was summarised from experiences. One of the most commonly used mathematical
model for random gust is the von Kármán model. It summarised translational and angular irregular
gust field in all six degrees of freedom. However, an example applying only vertical turbulence
is used in this section. Since the flight condition assumed is not an ad-hoc representation, and the
previous case studied and parameter analysis are presented for the demonstration purpose of the
tool’s capability. This section is also demonstrating the compatibility between the developed tool
and established turbulence model. The linear and angular turbulence not included in this example
can be applied in the same fashion and forms a more complex turbulence environment. However,
it does not lie within the scope of this project, hence not included.
According to von Kármán [110, 111], the PSD at any given frequency in the flapping direction










where Ω = ω/U∞ is the scaled frequency (rad/m), hence the function is independent of the
aircraft velocity, σg is the root-mean-square gust velocity intensity (typically taken as 1m/s) and
Lt is the characteristic wavelength of the turbulence (typically taken as 2500 ft, which in SI unit
is 762 m) [102]. Since ω is the frequency of the unit gust, as well as the input variable , the
von Kármán function can be visualised against ω and the logarithmic scale plot is illustrated as
in Figure 6.18. The gust of lower frequencies has a PSD larger than one and will enhance the
displacement behaviour. While at higher frequencies, the PSD is smaller than one and will damp
the displacement behaviour.
Knowing the atmospheric gust behaviour, the deformation caused by the continuous turbulence
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Figure 6.18: von Kármán turbulence model defining PSD at each frequency
only depends on the aeroelastic properties of the short-wing/propeller system. In the frequency do-
main, it is the frequency response function (FRF), which quantifies the deformation output resulted
by any unit gust input. The FRF can be derived based on the frequency domain aeroelastic model







+ Ku = Faero. (6.8)
Featuring coupled modes, the mass, damping and stiffness matrices are defined as
M =






























In previous studies, the number of coupled modes included Nq is 5. In computing the frequency
response function (FRF), aerodynamic loading term Faero needs to include unsteady aerodynamic
effects as well as the unit periodic gust input. Propeller contribution, given at a fixed frequency,
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towards the steady-state amplitude can be superimposed later on top of the FRF. Here, the flexible
wing structure without the propellers is investigated first.
Faero = Fa + Fin, (6.9)
in which unsteady aerodynamic effects (Fa) is characterised by Theodorsen’s model. As investi-






































A unit gust input (|win| = 1m/s) of frequency ω can be considered via Sears’ model, with Sears’
function S(k) featuring the reduced frequency k = ωb
Ua
. It can expressed as











 −2πρbUa|win|S(k)−b(1/2 + a)L̄in
 .
In this case, the response of steady-state amplitude under different frequencies of unit gust
velocity is studied. Starting by assuming steady-state condition u = ūeiωt, the general EoM can be
written in frequency domain as
[−ω2(M−Ma) + iω(C−Ca) + (K−Ka)]ū = F̄in, (6.12)








Recalling the discretisation for the beam model, the flapping and torsional displacements are for-








The FRF of the aeroelastic system can be obtained by correcting ū into
{
h̄, ᾱ
}T . Hence by in-
putting unit gust at different frequencies, the flapping and torsional amplitudes at 75% length of
the wing are be plotted against frequency as illustrated in Figure 6.19. Peaks are shown at the
flexible model natural frequencies. The peak amplitude is the largest when input gust is at the first
natural frequency, and peak amplitude decreases when meeting higher natural frequencies. When
inputting propeller influence at a fixed frequency and a given velocity magnitude, the frequency
and amplitude responses due to propeller presence are characterised and superimposed onto the
FRF of a fixed wing. In Figure 6.19, the FRFs with and without propeller inflow are presented.
Figure 6.19: Frequency response function for coupled flapping-torsion motion: (a) flapping mo-
tion; (b) torsional motion
The peaks remain at the flexible natural frequencies, while propeller additional amplitude being
superimposed linearly onto the overall behaviour at each frequency. For the first four peaks, the
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amplitude values are at similar level of magnitude, which means the propeller inflow is less sig-
nificant comparing to the fixed-wing behaviour. While at the fifth peak, propeller flow has a more
dominating effect.
Multiplying by the continuous gust excitation via von Kármán’s model, the system’s response
PSD at 75% length under continuous gust can be obtained and it is illustrated along a range of
frequencies as Figure 6.20. As shown, the peaks at natural frequencies still remains under the
Figure 6.20: the PSD of displacements response in continuous gust: (a) flapping motion; (b)
torsional motion
influence of continuous turbulence. As expected, at the extreme low frequency range, the displace-
ment was enhanced by the continuous turbulence, comparing with the original system FRF. As the
frequencies get higher, an damping effect from the turbulence is observed.
Since PSD is the mean-square values at each frequency, the root-mean-square displacements at






For the short-wing structure, the root-mean-square displacement along the wing can be obtained
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and it is illustrated as in Figure 6.21. The wing structure would deflect the most at its tip. Under
propeller inflow and continuous turbulence, the root-mean-square displacements are at 0.037m for
flapping and 0.012 rad for torsion.
Figure 6.21: RMS displacement along wingspan: (a) flapping motion; (b) torsional motion
At 75% length, the root-mean-square displacement is around 0.03 mm. When comparing with
the maximum displacement 0.04 mm from 1-cosine gust, they are at a similar level of magni-
tude. Maximum displacement happens in the transient response and root-mean-square describes
the steady-state response. They cover the overall system behaviour under cruising condition. For
the short wing/propeller system, one can expect the overall deformation to be at this scale. The
overall system behaviour can then be utilised further in the design optimisation and control syn-
thesis processes.
6.3 Conclusion
In this chapter, further exploitation of the developed aeroelastic model was carried out to demon-
strate how the tool can be used when limited information about the detailed design is available
and how the propeller parameters can be considered in the preliminary design stage using the
low-fidelity tool developed in this project. The further exploitation and analyses were conducted
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in the form of parameter studies, as well as response studies under 1-cosine gust and continu-
ous turbulence. The parameter study is an extension of the case study presented in Section 5.4.
By using models and procedures developed in the thesis, relationships between flight conditions,
design parameters and structural performance are investigated. Combining results obtained and
theoretical background, the variation of aircraft advancing velocity, altitude, wingspan, propeller
size and propeller speed and their effects on wing deformation are discussed. As a result, aircraft
advancing velocity is one of the determinative parameters for wing stiffness. Higher advancing
velocity results in less stiff aero-structures, hence larger deformation. Altitude, on the other hand,
changes air density and directly affects aerodynamic loadings. Higher altitude gives less aerody-
namic loading, therefore smaller deformation. As for wingspan, extending the wingspan results
in more flexibility, thus, larger deformation. However, wingspan is also critical for the modal be-
haviour. Resonance needs to be avoided in the presence of propeller periodic slipstream. In terms
of propeller performances, increasing propeller size or speed directly raises propeller thrust, and
changes the slipstream profile. Therefore, wing deformations in all three coordinates increase with
larger propeller size and speed.
The parametric study gave some insight into the design consideration needed for any short-
wing/propeller system. There are several key parameter changes that would lead to steady-state
displacement increase. These key parameter changes include larger wingspan length, airspeed in-
crease, altitude decrease, larger propeller radius and increasing propeller speed. Apart from the
aeroelastic instabilities discussed in Chapter 6, extra attention is needed when designing wingspan
length and propeller operational speed. Propeller operation speed is directly linked with blade
passing frequency. When modal frequency is close to the blade-passing frequency, the wing struc-
ture will experience larger amplitude, which may lead to material fatigue and might significantly
reduce the lifespan of the aerostructure. Therefore. the modal frequency and the blade passing fre-
quency need to be designed to be separate from each other. This is to avoid the large deformation
of the aerostructure, as well as any possibility of resonance.
On the other hand, wing deformation responses under different flight conditions were further
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examined. Dynamic responses under 1-cosine gust and continuous turbulence were studied. They
are common velocity inputs for aeroelastic studies for discrete gust and any irregular velocity field.
For 1-cosine gust, after obtaining the dynamic responses, the variation in gust length was analysed.
The transient response peaked when the gust is at 25 times of the chord length. As for continuous
turbulence, a frequency domain model, previously derived in Section 4.2, is applied in conjunction
with the von Kármán turbulence model. Frequency responses under continuous turbulence was
obtained, as well as the root-mean-square deflection under the random turbulence field.
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Chapter 7
Conclusions and Future Work
7.1 Review of initial aims and objectives
In this section, the aims and objectives described in Section 1.2 are reviewed. The main aim of
this project is to model and investigate the aeroelastic behaviour associated with the short-wing
propeller configuration, similar to the compound helicopter and tilt-rotor configurations. As an
outcome of this project, a numerically efficient computational model has been developed for under-
standing modal behaviour, aeroelastic stability and dynamic responses for the short-wing/propeller
configuration. In each chapter, different phases of the project have been developed and its aims
and objectives, and outcomes of each chapter are reviewed as follow.
Chapter 1: Introduction and Literature Review
In Chapter 1, the research background and motivation have been introduced and potential solution
frameworks have been discussed. A literature review has been carried out in the scope of basic
simulation approaches used in the subject of aeroelasticity. Two- and three- dimensional aerody-
namic and structural theories have been discussed for the application on the short-wing/propeller
configuration, and research aims and objectives have been set.
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Chapter 2: Representation of Aerodynamic Loadings
With tip-mounted propeller introducing slipstream, simplification of the inflow has been carried
out. Velocity components in the aircraft advancing direction, propeller vertical and axial direc-
tions have been implemented to simulate the cruising flight condition of a compound helicopter
or tilt-rotor aircraft. Accordingly, an aerodynamic model based on thin aerofoil theory has been
built based on its compatibility with both 2D and 3D structures. From static to quasi-steady and
unsteady aerodynamics, analytical theories have been studied and reviewed for suitability regard-
ing the short-wing/propeller configuration. Different combinations of analytical theories in time-
and frequency- domains, namely the Wagner’s, the Küssner’s, the Theodorsen’s and the Sears’
theories, have been investigated for predicting aerodynamic loadings for different purposes. The
combination of Wagner’s and Küssner’s model has been found to be the most applicable for ob-
taining time-domain dynamic responses for this project. Hence, application on a simple aerofoil
model has been carried out for validating its functionality and formulation in the present work.
Chapter 3: Wing Structural Representation
A short wing with flapping, torsion and lead-lag motion has been represented by a combination
of the Euler-Bernoulli and the Timoshenko beam theories. The structural model is capable of
considering the coupling between flapping and torsional motion, rotary inertia and shear deforma-
tion in the lead-lag motion, which have been found to contribute significantly to the structure’s
modal dynamics. A numerical approach based on the transfer matrix also has been developed for
modal analyses. This tool requires minimal analytical derivation and is able to consider any cross-
sectional variation numerically. The effect of structural coupling between flapping and torsional
motion results in the introduction of coupled modes. The coupled modes, in which multiple vibra-
tion modes under one natural frequency, have been obtained through the transfer matrix method
and its validity have been confirmed against FEM and analytical results from past literature.
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Chapter 4: Aeroelastic Instability and Numerical Application
Aeroelastic instabilities have been investigated firstly on an aerofoil model then on a beam-like
wing model. Featuring the Theodorsen’s theory, on the aerofoil model, static and dynamic aeroe-
lastic behaviour have been studied, and the 2D aeroelastic model has been validated against the
Goland wing. Extending the aeroelastic model, the beam-like structural model developed in Chap-
ter 3 has been integrated with the Theodorsen’s unsteady aerodynamic model via strip theory.
Incorporating coupled modes, effect of structural coupling on the aeroelastic instability have been
demonstrated on the Goland wing and also briefly discussed for the short wing configuration. The
static and dynamic stability boundaries for the short wing configuration have been investigated
and a stable flight condition has been confirmed for performing time-domain dynamic response
solutions.
Chapter 5: Dynamic Response Solution
Integrating the propeller slipstream conditions, Wagner’s and Küssner’s models and the beam-
like wing model, a complete aeroelastic model has been developed. A numerical algorithm for the
time-marching solution method and optimisation have been introduced and implemented. Solution
strategies towards reliable and convergent results also have been developed. Due to the lack of
published data, the functionality of the developed tool was validated against similar results in the
literature. A case study featuring a short wing was performed and time domain dynamic responses
under propeller inflow were obtained. Finally, the contribution of structural coupling towards
dynamic responses has been analysed and discussed.
Chapter 6: Aeroelastic Model Exploitation and Further Analyses
By connecting all structural, aerodynamic and solver models developed in this thesis, an overview
of the tool framework is illustrated guiding any further exploitation of the aeroelastic model. Util-
ising the framework, as well as the developed modular solvers, a parameter study was performed
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investigating effects of wing and propeller configuration and flight conditions on the dynamic
behaviour of the short-wing/propeller system. Finally, two different types of flight conditions, rep-
resenting discrete gust and continuous turbulence, were studied. Fully exploiting the time-domain
and frequency-domain solvers, the dynamic responses were obtained and discussed.
7.2 Conclusions
In this thesis, a computational approach has been developed for characterising aeroelastic be-
haviour of a short-wing/propeller configuration on small rotorcrafts. The computational approach
consists of different structural and aerodynamic components and their integration. Firstly, a two-
dimensional aerodynamic model has been developed based on thin aerofoil theories, including
Wagner’s, Küssner’s, Theodorsen’s and Sears’ unsteady models. The combinations of those the-
ories have been investigated for different output. The combination of Wagner’s and K¨ussner’s
theories have been proven to be the most suitable for obtaining time-domain dynamic responses,
which was one of the main objectives from this thesis. Theodorsen’s model, formulated in the
frequency domain, is better suited for instability analyses, and the Sears’ model is suitable for dy-
namic steady-state response solutions. At the same time, propeller inflow has been simplified in
the form of several velocity components in its axial and vertical directions, based on the general
characteristic of propeller slipstream. Hence, the propeller effects on the wing structure have been
taken into account by the two-dimensional aerodynamic model.
As for the mathematical representation of a short wing structure, beam theories have been
reviewed. Considering flapping, torsion and lead-lag motion, the governing equations based on
different beam theories have been derived. In order to evaluate different structural effects and
form a simple, yet realistic, representation, modal analyses based on different theories have been
compared. To perform efficient modal analysis, a numerical approach based on the transfer matrix
method has been introduced and validated. Structural coupling between flapping and torsion has
been examined with coupled modes introduced. With the aid of modal analyses results, structural
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coupling, rotary inertia and shear deformation have been found to contribute significantly towards
the structural modal behaviour. Hence, coupled flapping-torsion motion characterised by the Euler-
Bernoulli beam theory and a separate lead-lag motion defined as a Timoshenko beam have been
found to be the most appropriate.
The integration of aerodynamic and structural models allows further investigation of the aeroe-
lastic stability boundary and the time-domain dynamic responses under forced conditions. A nu-
merical approach has been developed featuring coupled modes, which has been proven to be more
accurate compared to experimental results. Instabilities, both statically and dynamically, have
been then studied and flight condition defined. To obtain solutions of aeroelastic response under
a defined flight condition, solution strategy and procedures for convergence analyses have been
specified. A case study on the short wing under propeller inflow has been presented and the time-
domain dynamic responses have been obtained.
Integrating different models developed in previous chapters, further exploitation of the model
were carried out by varying dimensional parameters and flight conditions. A core framework
is developed connecting a structure model, an aerodynamic model and numerical solver into a
computational strategy diagram. Through the core framework, parameter variations in structural
configuration, propeller design and flight conditions were studied for their effects on the overall
dynamic behaviour. Furthermore, two different types of flight condition, namely 1-cosine gust and
continuous turbulence, were investigated. Utilising the same framework and the modular models
developed, the responses were obtained and analysed.
7.3 Contributions
This section summarises the contributions in this thesis to knowledge in aeroelastic modelling and
analyses for the short-wing/propeller configuration in small rotorcrafts. The main contributions
are:
• Propeller inflow effect simulated with two-dimensional thin aerofoil theories for aeroelas-
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ticity: The propeller inflow associated with rotorcrafts is often modelled through a three-
dimensional aerodynamic model, ranging from the vortex lattice method, the panel method
to the Navier-Stokes equations. In this thesis, they have been simplified into several veloc-
ity components in the axial and vertical directions, so those inflow effects on the wing can
be characterised through 2D thin aerofoil theories. In the axial direction, a velocity profile
has been assigned in the propeller covered area. In the vertical direction, a parabolic distri-
bution with sinusoidal amplitude variation has been employed. These velocity component
contributions have been assumed purely based on the general characteristics of the propeller
slipstream. Though they are only assumed, ad-hoc distribution of the velocity profile can be
input if available.
• Combination of beam representations for short-wing structure in coupled flapping-torsion
and lead-lag motion: In this thesis, the equations of motion for a short-wing considering
flapping, torsion and lead-lag motion, together with structural coupling, rotary inertia and
shear deformation effects, have been derived. Each effect in motion directions has been
evaluated for a realistic and efficient representation for a short wing.
• Numerical modal analyses tool based on the transfer matrix method: In order to evaluate
the different effects, structural coupling, rotary inertia and shear deformation, a numerical
modal analysis approach has been developed. Since the derivation of natural frequencies and
mode shapes mainly relies on the analytical derivation in the literature, an efficient approach
based on the transfer matrix method has been introduced in this thesis for computing accu-
rate modal properties based on any beam equations of motions given. The modal analysis
approach has the capability to consider any structural linear effects and cross-sectional prop-
erty variations with given boundary conditions. The approach has been validated against
analytical natural frequency and mode shape functions for a cantilever beam.
• Numerical derivation and the application of coupled modes: With the aid of the transfer
matrix method, motion coupling has been numerically derived and considered in the modal
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space. For motions that are coupled structurally, they are under one modal frequency with
different modal shape functions. The classically considered bending or torsion mode has
been treated as bending-governed or torsion-governed mode if the coupling is weak. In the
case of strong coupling, the modal frequencies would be shifted, with comparable magnitude
of modal shape contribution in one coupled mode. The developed numerical approach has
been validated against literature results where analytical expressions and FE derived data are
available.
• Application of coupled modes in aeroelastic studies: The coupled modes have been incor-
porated in the aeroelastic stability analyses and the solution for dynamic responses. The
coupling effects have been further investigated in the subject of aeroelastic instability. The
application of coupled modes for the flutter prediction has been proven to be more accurate
based on the experimental data of the Goland wing. In dynamic responses, the application
of coupled modes simplifies the solution process when compared to the one with uncoupled
modes.
• Simplified modelling and simulation for aeroelastic responses of the short-wing/propeller
configuration: With the aid of all the developed modules, namely the aerodynamic model,
the beam-like structural model, the numerical modal analyses model and the aeroelastic
stability model, the aeroelastic response of a short-wing under propeller inflow have been
studied, capturing the very essential effects while maintaining a good numerical efficiency.
A basic understanding of the scientific background of the complex aeroelastic behaviour has
been formed. The developed tool is informative and beneficial especially in the early design
stages for small rotorcrafts such compound helicopters and tilt-rotor aircraft.
• Consideration of propeller configuration together with wing dynamic behaviour to aid early
design decisions: The developed model is able to study the effects of propeller dimensional
as well as operational configuration on the overall wing behaviour. With numerical efficiency
and reasonable computational cost, the propeller effect information is helpful in any design
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decision making and optimisation process in the early stages of design.
7.4 Future work suggestions
In the research of this thesis, a simplified modelling with sufficient scope for a very complex
aeroelastic problem has been given. For the application to a wider range of configurations, there
are a number of possible additions and extensions of the present work, which are discussed in this
section.
• Propeller slipstream modelling: The consideration of propeller effects is a simplified one
purely based on the general characteristic of a slipstream. A separate, more accurate, aero-
dynamic model can be built for the detailed studies in propeller-wing interaction. In per-
forming aeroelastic analyses, distributed aerodynamic loads can be evaluated by span-wise
integration of loads given by sectional models. Three-dimensional, unsteady effects deriv-
ing from the wake vorticity hence can be taken into account through a proper wake inflow
correction. Evaluation of wake inflow can be carried out through a more accurate aerody-
namic tool, which will receive from the structural deformations the boundary conditions for
analysis of the wing-propeller interaction.
• Whirl Flutter: Aeroelastic instability analyses for the short-wing/propeller system have been
studied as a fixed wing and the connection between propeller and wing have been considered
as rigid in this thesis. The addition of propeller would possibly create another dynamic
instability phenomenon called whirl flutter, especially with the case of tilt-rotor aircraft. An
investigation into the propeller connection and instability would form a fuller picture of the
overall aeroelastic behaviour for short-wing/propeller configuration.
• Beam open-section and warping: Due to the manufacturing process and maintenance re-
quirements, the short wing structure is not an ideal aerofoil shape in reality. In some cases,
power transmission from the main rotor to the tip mounted rotors are embedded within the
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wing. Sections of the wing then have been designed for giving access to the internal trans-
mission parts. Open sections along the wing with warping effects can be taken into account
in the beam-like structural model.
201
Bibliography
[1] R. A. Ormiston. Revitalising advanced rotorcraft research - And the compound helicopter.
The Aeronautical Journal, 120(1223):83–129, 2016.
[2] I. E. Garrick. Aeroelasticity - Frontiers and beyond. Journal of Aircraft, 13(9):641–657,
2013.
[3] R. H. Ricketts. Experimental Aeroelasticity - History, Status and Future in Brief. Technical
report, 1990.
[4] H. Ashley. Aeroelasticity. Applied Mechanics Reviews, 23:119–129, 1970.
[5] E. Livne. Future of Airplane Aeroelasticity. Journal of Aircraft, 40(6):1066–1092, 2003.
[6] P. P. Friedmann. Renaissance of Aeroelasticity and Its Future. Journal of Aircraft,
36(1):105–121, 1999.
[7] I. E. Garrick and W. H. III. Reed. Historical Development of Aircraft Flutter. Journal of
Aircraft, 18(11):897–912, 1981.
[8] D. S. Woolston, H .L. Runyan, and R. E. Andrews. An Investigation of Effects of Certain
Types of Structural NonHnearities on Wing and Control Surface Flutter. Journal of the
Aeronautical Sciences, 24(1):57–63, 2012.
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In this chapter, the derivation of parameter X for the recursive algorithm is presented below.
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Parameter Definition and Validation
Having a NACA0012 shape, a 10mm thickness and flanges located at the 15% and 75% of the
chord. The wing cross-section is considered as a box section illustrated as Figure C.1. The cross-
sectional properties are calculated based on the hatched box section via NASTRAN beam tool and
listed in Table C.1.
Figure C.1: Wing-box cross-section
Torsion behaviour in a shaft/beam structure can be characterised analytically when knowing
the moment applied, beam length and torsional stiffness. Therefore, when applying a unit moment
onto a beam of unit length, torsional stiffness can be obtained by measuring torsional displacement
at the tip. The described case can be modelled in Abaqus to validate torsional stiffness calculated
by NASTRAN.
Modelled with shell elements, boundary constraints are applied to the gravitational centre. As
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Table C.1: Cross-sectional properties output from NASTRAN
Shear centre distance to leading edge 0.217 m Second moment of area (Iz) 1.0745e-4 m4
Gravitational centre to leading edge 0.266 m Torsional constant (J) 1.8063e-5 m4
Area (A) 0.00812 m2 Shear coefficient (κh) 0.80
Second moment of area (Iy) 5.2862e-6 m 4 Shear coefficient (κv) 0.05
shown in Figure C.2, torsional displacement at the tip can be measured.
Figure C.2: Abaqus visualisation for rotational displacement in z direction
Torsional displacement Torsional stiffness Torsional constant
NASTRAN 2.086e-6 rad ⇐ 4.7936e5 Nm2 ⇐ 1.8063e-5 m4
Abaqus 2.021e-6 rad ⇒ 4.9480e5 Nm2 ⇒ 1.8645e-5 m4
% Difference 3.12% 3.22% 3.22%
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Appendix D
Numerical Modal Analysis Process
D.1 Lead-lag Motion
First of all, simple harmonic motions are assigned to the coordinates of interest. The assumption




Substitute into the lead-lag equation of motions, it writes
−mbω2ζ − κzGA (bζ ′′ − φ′z) = 0
− ρwIzω2φz − EIzφ′′z − κzGA (bζ ′ − φz) = 0
(D.2)
Rearrange it into a state-space form, the equation is defined as
























Hence, the state vector z(x) at any point of the beam can be obtained by the matrix exponential
as
z(x) = eAxz(0) (D.4)
Since boundary conditions are defined via shear forces, bending moment and torque, the state
vector z can be corrected as











1 0 0 0
0 κzGAb −κzGA 0
0 0 1 0
0 0 0 −EIz

For a cantilever beam , the clamped end is constrained so that there is zero displacement and
zero shear deformation. While for the free end, there is no bending moment or shear force. Hence,
the boundary condition can be written as
ẑ(0) =
{




ζ(L) 0 φz(L) 0
}T
(D.6)
Combining all above, the governing equations can be written as a homogeneous equation as 00
 = TDeALD−1R
 Sv(0)Mz(0)
 where T =
 0 1 0 0
0 0 0 1
 ; R = T′ (D.7)
D.2 Coupled Euler-Bernoulli beam flapping and torsion
First of all, simple harmonic motions are assigned to the coordinates of interest. Since the idea is





−mbω2ϑ+ Sαω2η + EIybϑ′′′′ = 0
− Iαω2η + Sαω2bϑ−GJη′′ = 0
(D.9)
Rearrange it into a state-space form, the equation is defined as













0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
mω2
EIy
0 0 0 −Sαω2
EIyb
0
0 0 0 0 0 1
Sαbω2
GJ





Hence, the state vector z(x) at any point of the beam can be obtained by the matrix exponential as
z(x) = eAxz(0) (D.11)
The state vector z can be corrected into ẑ to incorporate boundary conditions.













1 0 0 0 0 0
0 1 0 0 0 0
0 0 EIyb 0 0 0
0 0 0 EIyb 0 0
0 0 0 0 1 0
0 0 0 0 0 GJ

For a cantilever beam , the clamped end is constrained so that there is zero displacement and zero
shear deformation. While for the free end, there is no bending moment, shear force or torque.
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Hence, the boundary condition can be written as
ẑ(0) =
{




ϑ(L) ϑ′(L) 0 0 η(L) 0
}T
(D.13)










 where T =

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1
 ; R = T′ (D.14)
D.3 Coupled Timoshenko beam flapping and torsion
First of all, simple harmonic motions are assigned to the coordinates of interest. Since the idea is





















− Iαω2η + Sαω2bϑ−GJη′′ = 0
(D.16)
Rearrange it into a state-space form, the equation is defined as



























0 0 0 0 0 1
Sαbω2
GJ






Hence, the state vector z(x) at any point of the beam can be obtained by the matrix exponential as
z(x) = eAxz(0) (D.18)
The state vector z can be corrected into ẑ to incorporate boundary conditions.













1 0 0 0 0 0
0 κyGAb −κyGA 0 0 0
0 0 1 0 0 0
0 0 0 EIy 0 0
0 0 0 0 1 0
0 0 0 0 0 GJ

For a cantilever beam , the clamped end is constrained so that there is zero displacement and zero
shear deformation. While for the free end, there is no bending moment, shear force or torque.
Hence, the boundary condition can be written as
ẑ(0) =
{




ϑ(L) 0 φy(L) 0 η(L) 0
}T
(D.20)










 where T =

0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1




In this chapter, the matrices in Equation (5.3) are expressed in detail.
M =

Mh 0 0 Mhα
0 Mv 0 0
0 0 Mz 0





Kh 0 0 0
0 Kv Kvz 0
0 Kzv Kz 0





MhNC 0 0 M
hα
NC
0 0 0 0
0 0 0 0








0 0 0 KhαNC
0 0 0 0
0 0 0 0








12 · · · Mh1Nq
Mh21 M
h
22 · · · Mh2Nq
...
























12 · · · Mhα1Nq
Mhα21 M
hα
22 · · · Mhα2Nq
...
























12 · · · M v1Np
M v21 M
v
22 · · · M v2Np
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12 · · · M z1Np
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z
22 · · · M z2Np
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22 · · · Mαh2Nq
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θ1(LC + Lg + Ftip)dx
...∫ L
0











(LC + Lg) + Fthrust)dx
0
...
0∫ L
0
η1(MC +Mg +Mtip)dx
...∫ L
0
ηNq(MC +Mg +Mtip)dx

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